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1. INTRODUCTION

The aim of inductive modeling isto infer general laws from specific cases -- a process central to the
scientific method. Researchers must often summarize observations about a phenomenon into a
coherent picture (atheory, or mode of the underlying “ data generating machinery”) which can be
tested for explanatory power on new cases. To perform well on data not seen during “training”,
such models need appropriate structure and complexity; that is, they must be powerful enough to
approximate the known data, but simple enough to successfully generalize to new cases.

A wide variety of inductive modeling algorithms exist for practica use; these range from
artificial neural networks (ANNS) and decision trees, to kernel and spline techniques. The variety
of induction methods indicates both the importance of the field from an application perspective and
the inherent difficulty in performing induction tasks. This chapter aimsto 1) survey and
categorize leading techniques for inducing estimation, classification, and control models from
sample data, 2) suggest fruitful enhancements to and combinations of the methods, and 3)
demonstrate the power of a particular induction technique — polynomia networks. This chapter
moves from a broad overview of induction techniquesto general purpose enhancementsto these
techniques, and finally to a particularly effective but less well-known approach, polynomial
networks, that developed out of the neural network and adaptive systems communities.

The remainder of this chapter is organized asfollows. Section 2 provides a brief survey of
the leading techniques, and organizes them into a hierarchy according to the level of “decisions’
they leave to the computer. Sections 3 and 4 contain our suggested enhancements to inductive
modeling. In particular, Section 3 describes some of the principle hazards of inferring useful
models from data, and proposes a simple way to improve model induction by integrating visual
information. Section 4 discusses model selection and demonstrates the performance of a number
of complexity-penalty metrics on an example problem. The last two sections concentrate on
networks of polynomial nodes, such as created by the Group Method of Data-Handling, GMDH
(Ivakhnenko, 1968; Farlow, 1984), the Polynomial Network Training Algorithm, PNETTR-IV
(R. Barron, Mucciardi, Cook, Craig, and A. Barron, 1984) and the Algorithm for Synthesis of
Polynomial Networks, ASPN (Elder; 1985, 1989). Section 5 describes each of these approaches
to the construction of polynomial networks and concludes with suggested enhancementsto the
methods. Section 6 provides examples of the use of polynomial networks. Finally, Section 7
contains conclusions and suggestions for future research in induction.



2 Induction and Polynomia Networks

2. INDUCTIVE MODELING

The goal of inductive modeling isto efficiently and robustly model high-dimensional data. As
shown in Figure 1, given any two components of the set { Inputs, System State, Outputs} one can
potentially induce the third. For example, atraining data base of inputs, X, and system states, S,
can be employed to estimate the ensuing outputs, Y, (for unseen cases) in aforecast or prediction
model. Likewise, it isadesign problem to obtain a system, S, for given inputs and outputs X and
Y; and a control task to seek the best X for agivenSand Y.

Inputs, X Outputs, Y
System, S >

Estimate

Output
(Forecast)

Estimate
Input
(Contral)

Estimate
System State
(Design)

Figure 1. Three Types of Inductive Models

Induction techniques can be put into two broad classes:

1) Consensus methods, which parametrically summarize data points, and
2) Contributory methods, which retain the training data, and may employ one or every
training case in the estimate for anew case.!

With consensus methods, the training data are employed only to obtain amodel (and are then
discarded); for contributory techniques, at least a subset of the data are retained for on-line
operation of the model. Consensus methods are quite efficient in their representation of the model
but generally have to be retrained in the presence of new data. Contributory methods typically
reguire more storage space for their implicit model, but are quickly updated with new data.

1Contributory methods are most often referred to as nonparametric techniques, though some parameters are usually

involved; e.g., bin or kernel widths, number of neighbors, type of wavelet, etc.
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Section 2.1 provides a brief overview of representative inductive techniques and classifies
them as consensus, contributory or a combination of both. Section 2.2 provides a more complete
categorization, placing techniquesin an induction hierarchy based on the amount of decision
making performed by the compuiter.

2.1. Representative Inductive Techniques

By far the most popular consensus technique is Linear (least-squares) Regression (LR). Usually,
all the equation terms (i.e., the full model structure) are specified by the analyst and only the
parameters are estimated by the computer. Thisis also the casefor conventiona Artificial Neural
Networks (ANNS), and for logistic regression networks (e.g., Class; Cellucci and Hess, 1990).
However, while the LR parameters can be found in asingle step (involving matrix inversion or
singular-value decomposition; e.g., (Golub and Van Loan, 1989)), the nonlinear ANN and logistic
parameters require use of amuch slower search technique. For ANNS, the local gradient descent
of back-propagation (Werbos, 1974), istypically employed, and logistic weights are often set by a
Levenburg-Marquardt search technique (e.g., Press, Flannery, Teukolsky, and Vetterling, 1988).
In what amounts to a combination of LR and ANN approaches, networks of regression nodes are
employed in the family of GMDH techniques which includes PNETTR-IV and ASPN (described
in Section 5 and employed on example problemsin Section 6). Polynomial networks allow the
model structure to grow out of the data, rather than being set by an analyst beforehand -- a
significant strength of the method. Other adaptive toolsinclude: Classification and Regression
Trees, CART (Breiman, Friedman, Olshen, and Stone, 1984) which employ piecewise constants
for estimation; and Hinging Hyperplanes (Breiman, 1991b), using sums of multi-dimensional
ramp functions.

The CART agorithm induces classification and estimation treesin two stages: iterative
forward building, followed by iterative reverse pruning. During the former, itsgoal isto find
successive binary splits of the local data until representatives of only one class (or one response
level, for estimation) remain in each leaf (terminal node) of thetree. After thisgreedy (i.e., one-
step optimal) successive refinement strategy creates the tree, the branches are pruned back (also
greedily) to reduce complexity, using cross-validation or testing data to govern the trade-of
between complexity and accuracy (see Section 4).

CART creates piecewise constant estimation surfaces, but those formed by polynomia and
sigmoidal methods are smooth (i.e., differentiable), though nonlinear. Spline techniques, like
Multiple Adaptive Regression Splines, MARS (Friedman, 1988, 1991) or the IT method (Breiman,

1991a), can adaptively construct smooth surfaces which typically demonstrate more local response
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to “bumps’ inthedata. That is, apolynomial equation is global; a change to affect the equation in
one location affects it everywhere (to varying degrees). A piecewise collection of splines however,
can be adjusted more locally.

Contributory techniques also embody this property of local effects. A classic exampleisthe
Nearest Neighbor (NN) agorithm, wherein the output for a new case is estimated to be the output
of the known case closest by some measure (e.g., Euclidean distance) in input space. (The k-NN
method just combines, e.g., averages, the outputs of the k nearest cases.?) If closer neighbors are
to be weighted more heavily than distant ones, then kernel estimation (Parzen, 1962; Specht, 1967)
isappropriate. There, aunit kernel function, h() (such as arectangle, triangle, or Gaussian node)
of agiven breadth is centered over each known casg, i, and is evaluated at the location of interest
(the new casg, j) to supply the estimate

Yi zEWiYi i =
J Ewi ’

for N training cases, where wj = h(||Xj-Xj|) is the relative weight. For example, arectangular

1,2,....N (1)

kernel can be thought of as ak-NN approach, with k depending on location. In classification, the
relative sum of weights of each class at alocation provides an estimate of its conditional
probability; and, in density estimation, it forms the surfaceitself. Thislast isanalogousto
dribbling unit piles of sand (for 2-dimensional Gaussian kernels) over each case location to build
up the density estimation surface. Kernelslead therefore, to atype of histogram with bins not pre-
established, but following the data. 1ndeed, averaged shifted histogram techniques have been
employed (Scott, 1985) which have properties intermediate between the smoothness of kernels and
the speed of histograms.

Radial basis functions, RBFs (e.g., Broomhead and L owe, 1988) are a contributory

technique with a consensus aspect. Radially-symmetric functions (smilar to kernels, although
they may increase with distance) are centered over each training case. Y et, wj values are not used

directly (aswith kernels), but become variablesin an LR data base. That is, each training outpui,
Yj, ismodeled as a weighted sum of a constant and the N-1 distance functions h(||Xj-X][), i=]. As

the number of constraints, N, matches the degrees of freedom available, thereis an exact model
(zero training error) which is used to interpolate new cases. In practice however, the variables are

20ther refinements to the Nearest Neighbor approach include editing (iteratively removing misclassified training

cases) and condensing (removing training cases completely surrounded by others of its class) (Fukunaga, 1990).
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often too numerous for model robustness, and the training datais pared (e.g., Chen, Cowan, and
Grant, 1991); i.e., features are removed to reduce collinearity (e.g., Belsley, 1991; Elder, 1990).

Wavelets are a recent contributory technique having useful theoretical properties and the
ability to describe functions with rapid level transitions (e.g., Bock, 1992). Another estimation
method capabl e of representing abrupt surface changes, Delaunay planes, can be taken from a
recent optimization algorithm (Elder [this volume], Section 6). The expected value of the unknown
function, known only at a set of training locations, is represented by a piecewise planar surface.
Each planeis defined by asimplex of training points (ad+ 1 point set in d-dimensions; e.g., a
triangle in two-space) connected according to the “empty circumsphere’ rule of Delaunay
triangulation (the circumscribing sphere for each simplex encloses no other point). The variance of
this estimate (assuming arandom field, or fractal surface) is Gaussian, and grows from a minimum
at the known points to peak at uncharted locations -- forming a piecewise quadratic “variance
canopy” which arches over the expectation planes. Unlike globa methods, wherein each training
point affects the estimate (to some degree) at every location, use of the piecewise planar surface can
insulate one region from another, as points outside a given simplex have no effect on itsinterior.

A wide range of other algorithms for automatically inducing models from sample data are
emerging. A sample of further promising methods includes locally weighted regression
procedures (e.g., Cleveland and Devlin, 1988; Fan, 1991); stochastic models (Sacks, Schiller and
WEelch, 1989); regression trees 3(Chaudhuri, Huang, Loh, and Y ao, 1990), slicing inverse
regression (Duan and Li, 1991); Fit-Short (an adaptive kernel method; Kozek and Schuster, 1991),
and composite models (Skeppstedt, Ljung and Millnert, 1992). Many of the techniques differ
significantly in the (often implicit) assumptions made about the data, and in the demands on (or
opportunities for) the user to direct the analysis. Their diverse strengths suggest that a collection of
several of these semi-automatic methods could be ssmultaneously employed on difficult problems
(as suggested for visual search in Section 3).

2.2. Induction Hierarchy

To classify the growing list of viable induction methods (Section 2.1), and to clarify the appropri-
ateness of atechnique for a given task, we propose an induction hierarchy. We scale this hierarchy
by the increasing degree to which atechnique leaves modeling “ decisions’ to the computer:

3Regression Trees embody the type of method combination (which is bound to increase): they use decision treesto
hierarchically separate the data into digoint regions, each of which isfit by separate LR polynomial models and

then, for a particular location, employ sums of sub-model estimates, weighted according to nearness (like kernels).



6 Induction and Polynomia Networks

1) Heureka: The anayst specifiesthe entire model. (Likethe legend of Athenafrom Zeus,
it springs forth fully formed from one’s head -- terms, weights, and all.)

2) Knobby: One specifiesthe structure (e.g., inputs and terms) and the computer searches
for parameter settings (weights) which best fit the data. Thisisthe most common
category of models, and includes LR and most ANNSs.4

3) Plastic: The analyst specifiesthe model class (polynomials, for example) and initiates a
search for both structure and weights. This class can be further subdivided into:

a) Sretchable. The structure can grow in only one input dimension (say, the order of a
polynomial in one variable); so, the decision concerns the best cutoff point. Other
examples: determining the number of useful termsfor a power series expansion, or
the frequencies of alow-pass spectral approximation.

b) Accretable/Erodible. The structure can grow/diminish in several dimensions.
Examplesinclude CART, and adaptive regression techniques, such as * greedy”
forward term selection (add the term which most helps), greedy backward term
elimination (remove the term least aiding the model), and their step-wise combination
(e.g., Draper and Smith, 1966). Also included here are clustering techniques (e.g.
Everitt, 1974) which attempt to create class structure out of only the data and some
measure of distance or similarity.

c) Malleable. The model isacomposition of functions drawn from a given family (e.g.,
GMDH polynomials); thus, the form is very flexible and is capable of growingin
large chunks.> Malleable techniques are capable of building new candidate features
when lower-order versions of those features prove useful.

4. General: Theanalyst provides little more than representative data, and the algorithm
searches across model families (sets of basis functions) and perhaps even across error
metrics. No implementation of such an ambitious method is known, though the
Minimum Description Length (MDL) model selection criterion (Rissanen, 1978) and
other recent means of complexity regulation (A. Barron, 1991; Faraway, 1991) may be
capable of judging between candidate models generated by such a search procedure.

4Entropy Nets (Sethi, 1990), are ANNs which are not merely “knobby”, as they obtain their structure from a
preliminary run of ahierarchical classifier (e.g., a decision tree program such as CART).

SThereby, the short-term optimality of greedy growth is extended more to the medium-term.
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A further distinction can be made between closed techniques, for which the library of
potential terms must be specified by the analyst beforehand, and open methods, which effectively
expand their libraries of potential terms as the model grows. The former includes branch and
bound regression (e.g., Furnival and Wilson, 1974), which could be labelled a“reverse erodible
plastic method” optimal for its closed library of polynomial terms. For the latter, techniquesin the
GMDH family, and CART provide examples of open (plastic) modeling. During synthesis of a
CART decision tree, additional bifurcations are considered for each impure leaf (i.e., each
currently terminal node holding representatives of more than one class or estimation value.) Asthe
tree grows (or is pruned in alater smplifying stage), the list of input space partitions changes, so
the CART term library can be considered open.6

While the above techniques have provided investigators with impressive capabilities, there
remain problemsin their use for many applications. This next two Sections suggest enhancements
that can directly improve the applicability of these techniques across a broad range of problems.

6ith univariate thresholds (the CART default), there are a finite number of potential cuts (and only afraction of the
O(Nk) potential termsfor N cases of k variables are considered); still, the set islarge enough to be treated as open.

For an aternative to the greedy approach in CART see Brown and Pittard (1989).



8 Induction and Polynomia Networks

3. DATA VISUALIZATION

Thetrend in the above induction hierarchy isto turn over more and more of the modeling
process to our untiring, precise, obedient,” blindingly fast (but dimwitted) assistant: the computer.
But what does our trusty aide perceive? Typica algorithms depend on summary statistics of the
data being modeled. However, Anscomb (1973) showed that, in LR terms, data sequences as
diverse as those of Table 1 can appear identical. Surprisingly, those vector pairs have the same
margina characteristics (ux = 9.0, uy = 7.5), correlation (pxy = .82), linear fit (y ~0.5x + 3, with
slope t-significance = 4.24), sum of squared errors (SSE = 14), and coefficient of determination
(R2 =0.67). No traditional summary statistic can distinguish between the series.

Tablel. Anscomb’s(1973) Quartet
(X,Y1), (X,Y2), (X,Y3), (X4,Ya)

X Y1 N Y3 X4 Ya
10 8.04 9.14 7.46 8 6.58
8 6.95 8.14 6.77 8 5.76
13 7.58 8.74 |[12.74 8 7.71
9 8.81 8.77 7.11 8 8.84
11 8.33 9.26 7.81 8 8.47
14 9.96 8.10 8.84 8 7.04
6 7.24 6.13 6.08 8 5.25

4 4.26 3.10 5.39 | 19 12.50
12 10.84 9.13 8.15 5.56
7 4.82 7.26 6.42 8 7.91
5 5.68 4.74 5.73 8 6.89

(0¢]

However, visualizing the data, through the scatterplots of Figure 2, reveals their important
differences. Clearly, only for Y1 isthe LR assumption of Gaussian errors (about aline) upheld;

the data of Y2 are instead quadratic, an outlier upsets the trend of Y3, and an influential (non-
outlying) case drivesthe estimator for Y4. A “stretchable” inductive method could correctly
discover the quadratic structure of Y2 (-6 + % X+ %XZ), but case analysis (e.g., Belsley, Kuh,

and Welsh, 1980) is needed to discern problems with the latter two sequences (and that capability
isnot yet built into any known automated induction algorithm).

"The precise obedience of the computer can also be frustrating, as evidenced by the anonymous ditty: “1 really hate

this darn machine; | wish that they would sell it. It never does quite what | mean, but only what | tell it.”
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Figure 2 @8 . A Quartet of Data Series (after Anscomb, 1973)
for which Common Summary Statistics are Identical

Of course, visua representation of low-dimensiona problems (asin Figure 2), make the
situation clear in away statistical summaries cannot, and suggest remedies that might otherwise go
unnoticed. An instructive experience for one of us occurred (years ago) on a data set eventually
revealed to be similar to that of Y3, but with an outlier (due to arecording error) at one end of the
sequence. An otherwise powerful inductive algorithm, unable to flag or down-weight the outlying
case, instead chose a high-order model to fit the data. However, the program was able to winnow
away amass of variables confusing the picture and identify the one essentia datafeature. Plotting
then revealed the (unexpected) ssimplicity of the relationship, obscured in summaries by the outlier -
- the cause of which was quickly tracked down. A similar “revelatory” insight due to visualization
was reported in (Brown, Elder, and Pittard, 1992) for a sensor correlation application (explaining
why a conventiona “perceptron’-like linear discriminate approach was inferior to any of a number
of nonlinear inductive methods). This Section outlines the excellent potentia in joining automatic
induction and interactive visualization tools.
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3.1. Combining Induction and Visualization

In the low dimensions of everyday experience, the human ability to rapidly recognize patternsin
noisy data may never be matched by automata. However, the speed and persistence of computers
must be harnessed to explore spaces of high dimension. Projection Pursuit (PP) algorithms
(Friedman and Tukey, 1974) seek low-dimensional views of the data which score well by some
index of “interestingness’. When striving to model the data with PP regression (PPR; Friedman
and Stuetzle, 1981), this perceived structure isiteratively removed and the filtered dataiis
resubmitted, until only noise apparently remains.

In practice, the power of thisideaisweakened by several factors. Though PP was inspired
by early graphical data manipulation systems, most PPR-like stagewise induction programs
(including GMDH, CART, ASPN, and MARS) are run in batch mode, excluding potential mid-
course contributions by an analyst. PPR programs explore a single index, seeking unusual
entropy, clustering, or skewness, etc.; and any structure found is addressed by a single family of
model components (e.g., splines). However, many types of patterns, with different properties and
shapes, may prove interesting; so, one could instead simultaneously unleash several projection
index searches, as well as employ an arsenal of corrective basis functions (e.g., polynomial,
threshold, and logistic elements).

To improve the process of “pondering point clouds’, projection pursuit and inductive
modeling techniques could be added to an interactive graphic environment to effectively extend the
scope of one’s judgment afew dimensions.® The power of visual techniques suggests that
perhaps a chief strength of such an approach would be its step “backwards’ to critical reliance on
the analyst in the structure search and removal process.

3.2. Projection Pursuit

In high dimensions, visual strategies for discovering structure include principal components,
multidimensional scaling, plot matrices, a“grand tour” of the data (Asimov, 1985), and automated
projection pursuit (PP). Both principal components and multidimensional scaling provide aview
of the datain lower dimension (normally 2), athough multidimensional scaling starts with ordinal
proximity matrix while principal components uses the data matrix. Though aplot matrix, or
pairwise arrangement of scatterplots, isonly a set of two-dimensional views of the data, thisis
often sufficient to provide useful insight. Also, graphic programs are increasingly enforcing case
links between graphs (through symbols, colors, brushing, etc.; e.g., Cleveland and McGill, 1988)

8As proposed for the Inductive Data Exploration Algorithm, IDEA (Elder, 1992b)
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-- extending the effective dimension of perception. The grand tour strategy presents the analyst
with asingle 2- or 3-dimensional projection of the data where the view (projection matrix)
smoothly transitionsin such away that oneis eventually presented with “all sides’ (low-
dimensional views) of the point cloud. Interesting views can be saved for later analysis, or can
cause the tour to be postponed for local exploration.

In high dimensions, agrand tour can take overlong, so it is useful to have the computer score
candidate views (noting low entropy, high clustering, unusual skewness or Fisher information,
etc.), and present, or steer the tour through, only the best views. Such a projection pursuit tour
has recently been implemented in the workstation package, XGobi (Swayne, Cook, and Buja,
1991). The PPindex could aso include factors such as interpretability (Morton, 1989) or
equations for complexity, or novelty -- the best choice can depend critically on the application. In
Figure 3, a 2-dimensional point cloud of two classesis plotted, surrounded by some (histogram)
projections of the data. The index employed (to be minimized over 180° of 0) isthe number of
misclassifications resulting from the best 6 threshold for that view.

X
X
X X X
XX 000 x O o o)
XX X
X XX X O O X
X
X 00 O
@) O
00O 0
o (@]
H(90) =5
X X
X X O
O X O O X
O X X 0O X 0, O X 0 o

H(O) =7 H

Figure 3. 1-Dimensional Projections of Sample 2-Dimensional Data.
Angles of projection are scored according to the number of misclassifications of the best threshold.
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Note that the search space wraps around (6 = 180° + 0), causing a redundancy which could
save search timeif exploited (though its complexity has apparently prevented doing so, thusfar).
For example, when reducing 3-dimensional datato a 1- or 2-dimensional view, the projection axis
can be represented as a point on a unit hemisphere, asin Figures 4a and 4b, where the score (PP
index value) for alocation is represented by its distance from the center of the sphere. However,
for search continuity, the most distant points on the base of the dome should actually be connected
(a3-d wrap-around). Asindicated by Figures 4a and 4b, projection spaces can be quite rough;
they also can vary in shape widely due to changes in the projection index (e.g., Cabrera and Cook,
1992). Therefore, a sophisticated global search should be employed to discover and rank the
projections to be presented to the analyst (though only local searches seem currently to bein use).

Figures 4a,b. 3-Dimensional Views of a Projection Pursuit " Score Surface”
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3.3. Remarks

Automated induction and projection pursuit agorithms, despite their variety, are not (and may
never be) competitive with analysts in perceiving structure in noisy data-- in the low dimensions of
human experience. Of course, in high-dimensional applications, where the structure of the
underlying “ data generating machinery” is unclear, automated induction algorithms are quite
useful. Often through nothing more than trial and error, they can construct compositions of small
functionsinto empirical approximations of afunction interpolating (and smoothing) the training
data. However, automated methods must handle a host of data hazards, including influential and
outlying cases, and collinear and redundant variables. Most importantly, empirical methods must
avoid overfit; that is, the tendency to fit the noise, aswell asthe signal, in the data (as discussed
below), since everything one does will tend to improve training performance. Also, the typical
summary statistics monitored by most algorithms do not always revea key datarelations, as
demonstrated by Anscomb’s (1973) quartet of data series.

Fortunately, sophisticated interactive graphic environments are becoming more widespread.
Such an environment could eventually form the base of a useful interactive inductive tool,
augmented by a collection of automated al gorithms of two forms. structure exploration (like PP)
and structure removal (i.e., approximation). That is, in the background® of one’s graphical
mani pul ations, the computer could continually search for, and queue up, alist of low-dimensional
views of the data which score well by any of anumber of PP criteria. Then, when a significant
bump or trend (or blip or ...) isfound, a variety of approximative methods could be employed
(kernels, polynomials, etc.) tofit it. The model could then be removed from the data (leaving a
residual, and requiring an update of all extant views) and the process repeated until only noise
appearsto remain. (To avoid overfit, it is anticipated that a complexity budget even more strict
than usual must be adhered to, because of the increased approximation flexibility.)

In this manner, perhaps the muddled view the computer has of high dimensions can be
enough to lead us “walking pattern recognizers’ to the select low dimensiona viewsinwhich dl is
made clear.

90ur computers spend most of their time waiting ...
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4. MODEL SELECTION

For “plastic” models (Section 2.2), the computer must select the final structure; thus, an objective
score function for grading candidate modelsisrequired. To generalize well from the known data
to new Situations, a compromise must be made between the accuracy on training data possible with
complex structures and the robustness on new data characteristic of smple ones. Modern
statistical theory helps automate this tradeoff between ssimplicity and accuracy but, at some level, it
isajudgment call. Though modelswith many parameters may best fit the known data, simpler
models usually estimate new cases more accurately. In the 14th century, this observation was
codified as the principle of Ockham's Razor, which can be stated: *an explanation of the facts
should be no more complicated than necessary.” In other words, if two theories about a
phenomenon seem equally accurate, choose the smpler -- it islikely to be closer to the truth. In
empirical model building, this principle of parsimony helps avoid the danger of overfitting the data;
that is, forcing down the model’ s errors on known data at the expense of its performance on as-yet
unseen data (which isits true application).

Overfit is especialy dangerous when extrapolating outside the bounds of the data (as when
forecasting), but can aso happen when interpolating within them. To illustrate, suppose we
modeled thesequence: Y ={ 1.1, 2.9, 3.2, 3.9,5.2, 58 }
as afunction of: X={10,32, 30, 40,50, 6.0}

Considering accuracy alone, we would get the solid line and 5th-order equation (zero error; R2 =
1.00) of Figure 5, rather than the more reasonable (and nearly as accurate) dotted line of y = x. In
general, adata set containing N samples of afunction can be fit exactly by an equation with N
terms (i.e., of order N-1).1° But, as can be seenin Figure 5 for regions near x = 0 or 2, this
resulting equation can be dangerous to use for unknown inputs. Thus, complexity must be
regulated for an induced model to be useful.

In order of sophistication, the four ways to regulate model complexity are:

1) SetbyFiat: Fix the model terms and search for parameters to minimize a score on the
training data.

2) Setby Goal: Choose the simplest model which reaches or exceeds atraining
accuracy goad.

3) ReserveData: Split the available data into subsets; train the candidate models on the
first set, and choose the model which is most accurate over the second set.

10N ote that multiple-valued relations, such asﬁ , can have more than one output value for a given input vector.



Induction and Polynomia Networks 15

4) Penalize Complexity: Measure model complexity by the number of parameters, K
and, using all the data, choose the model which is best according to afunction of K,
the training error, and (perhaps) the level of data noise.

17 . Y =-82.8 + 161X - 104X"2 + 30.4X"3
et / - 4.15X"M + 0.215X"5; RM2=1.0

Figure 5. Example of Model Overfit.
Though accurate on training data, overly complex models can poorly estimate new points.

The structure of knobby modelsis set by fiat, and the cutoff to stretchable modelsis often
dueto anapriori accuracy goa. The candidate models saved on each layer of aplastic GMDH
model are selected according to their “checking set” accuracy (method 3), and plastic ASPN
models employ a complexity penalty, as described in the next Section. (When several testing
subsets are employed to get a distribution of results, reserving data is known as cross-validation
(Stone, 1974) -- or, with dlightly different sampling strategies, the jackknife or bootstrap
techniques of estimation (e.g., Diaconis and Efron, 1983).) Prudent researchers often combine
methods 3 and 4 above, using the complexity penalty with most of the data to explore data
transformations and to train the models, and confirming promising results with the reserved data.

In this section, in order to provide specific examples of theissuesinvolved in model selection
selection, we emphasize linear regression (L R), which remains the dominant statistical modeling
technique. We note, however, that the issues raised are also common to other methods, although
the specific measures used for model selection can vary. Under LR, the classical complexity
penalty approach (though not usually thought of as such) isthe analysis of variance (ANOVA) F-
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test. Wewill briefly describe the F-test technique, note how it is usually misapplied in ANOVA
analyses, and motivate the use of more modern selection criteria. The first component of all criteria
however, is ameasure of model accuracy.

4.1. Model Accuracy

A linear regression (LR) model finds the parameter values which minimize the mean squared error

1 N
MSE:NE(Yi -¥i) 2 2
i=1

or average squared distance from the true vector, Y, to its estimate, ¢, for the N known cases.
The*“linear” in LR derives from the estimated response, ¥ i, being alinear function of the
parameters of the model; it is not necessarily linear in the stimulus variables. For example, the LR
equation, ¥ = wg + wqt + wot2, islinear in the parameters, w = (wg, Wi, W), but quadratic in
the stimulus variable, t. (For nonlinear regression, consult, e.g. (Seber and Wild, 1989).)

The square root of MSE given in (2) iswritten as rM SE (root Mean Squared Error) or SEE
(standard error of the estimate), and approximates the standard deviation of the model’ s error, ce.

Thus, when the responses, Y, are normally distributed about the line (as assumed under LR), we
expect two thirds of the casesto fall within +og of the predicted values, 95% within +2c5, €tc.

SEE isin the units of the data so it is an absolute measure. A popular relative measure of
accuracy isthe coefficient of determination:

MSE
R2:1-Sz_y (3)

where Sy is the estimated (sample) variance of Y:

1 N
i=1
1 N
for sample mean Y value, my = EYi . Thus, ahigh R2 (near 1) suggests most of the variance
i=1

in the data can be “ explained” by the model; whereas, alow value (near 0) indicates that the model
is no better than the best constant, my. (Of course if the number of featuresin the regression

equation, K, is high relative to the number of data points, N, then the R2 value can be
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unrealistically high. Hence many researchers use adjusted R2 , or other complexity-adjusted
metrics, as discussed below.)

The computational advantage of using squared error often tempts researchers to make the
Gaussian error assumption in situations for which it is not appropriate. There are many other error
metricsin use, and each implicitly or explicitly correspond to assumptions about the distributions
of the model error. Least squared error isin the family:

P [N
1
Lp=NA [ IYi-myP ,P=0 ®)
i=1

soitisdenoted Lo. Employing the least absolute deviations (LAD) metric, L1, corresponds to
assuming that the likelihood of an error is an exponentially decreasing function of its magnitude.
Asthisisadower asymptotic decrease to zero than the Gaussian curve (the distribution has “fatter
tails’), use of L1 leads to models which are more robust than those for L (e.g., Bloomfield and
Steiger, 1983). Large errors (such as produced by some outliers) have less influence under L1 as
they are considered to randomly occur less rarely; therefore, the model doesn’t as readily overfit
parameters to eliminate them. Also, sincethe LAD problem can be mapped into aLinear Program
(LP), reasonably fast solution algorithms have been available since Charnes, Cooper, and
Ferguson (1955) showed the LP could be solved viathe simplex algorithm (Bloomfield and
Steiger, 1983).

Note that P in (4) can take on other non-negative values, including real numbers (since, to
compare models having afixed number of cases, N, the average and the Pth-root calculations are
not actualy required). Lgisequivaent to the“hit/miss’ criterion, counting the non-zero errors
(misses) of any magnitude. The L. metric leadsto the “minimax” criterion; that is, the parameter
et is selected which has the smallest maximum error (regardless of what the rest of the distribution
lookslike). Typicaly, however, avalue for P between 1 and 2 is employed.

Accuracy criteria of the Lp family all raise their penalty for errors (by different relative
amounts) as their magnitude increases. However, model robustness can be improved by actualy
decreasing the influence of cases at some level of their deviation from the model. Two examples of
criteriawhich eventually ignore likely outliers (i.e., cases with sufficiently large standardized
residuals, z), are Andrew’s sine:

nz
A2 = |7 gn (T) when z> c; (otherwise 0) (6)
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and Tukey’ s biweight

T(2) = (z2(1-(z/c)%))? when z> c; (otherwise 0) (7)
for asmoothing constant, c.11
4.2. Significance Tests

It iswell known that adding termsto any model will improve its accuracy over the training data. In
LR, for example, expansions raise R2 and lower SEE. The key issue to resolve, however, is
whether the improvement is significant enough to justify the added complexity. Could it instead be
due to chance alone? Under the strict LR assumptions about the data, the method of hypothesis
testing can answer these questions.

Assume that the “true” model is known, having Ky terms (degrees of freedom) and
coefficient of determination R2yy. (Typically, the most complex model oneiswilling to consider
standsin for the true model.) A simpler model, called the hypothesis, is to be compared, having
Ky terms and an accuracy of R2y (where Ky < Ky and R2 < R2y). Since the hypothesized
model is a subset of the full model, we are testing the conjecture that the Ky - Ky terms not in the
former are actually zero. This hypothesis can never be accepted with certainty, but we can quantify

the probability, given the data, that the improved accuracy of the larger model is due to chance
alone. The threshold on this probability (e.g., 1 to 10%) is the significance level, o, of the test.

In brief, we are given the results of afull model, and hypothesize that asimpler model isa
better explanation for the data; i.e., that the higher accuracy of the full model is due only to its
having more parameters to adjust and not to the inherent importance of those terms. If the accuracy
difference has more than a dight chance (o) of being real, then we (reluctantly) reject the
hypothesis represented by the smpler model. Conversely, if the accuracy difference is small
enough, we employ the simpler model. (In the vocabulary of hypothesistesting, we “cannot reject”
the hypothesis). Statisticaly:

_(R?m - R24) / (Km - KH) .
=T(1-R2w)/ (N- Kw) ®)

111f the errors happen to be Gaussian after al, the best value for ¢ is 2.1z for A(z) and 6.0 for T(z) (Press, Flannery,
Teukolsky, and Vetterling, 1988).
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is compared to the F-distribution table value, Fo,(Kp - Kn, N - Kp). If F> Fg, use the full
model; otherwise, employ the hypothesis. The significance level, o, isthe probability (always
present at some level) of falsely rejecting the hypothesis using this procedure.

Denoting the SEE of the model as oy, and using (3) alows F to be written in terms of the
differences of the sample error variances of the hypothesis and modd:

(S2H - S?m) / (Km - KRH) o
S2y 1 (N - Ky) ®)

F=

In practice, one would first define the full model, then test its subsets (representing various
hypotheses) against it. The hypotheses can be arranged heirarchically in alattice, with the full
model at thetop. Starting at the simplest hypothesis of interest, and working up the ladder as
necessary, the first submodel (e.g., the lowest order candidate) that cannot be rejected is selected
as the working model.

4.3. ANOVA Model Selection

In the typical application of the analysis of variance (ANOV A) technique however, analysts start
with an hypothesis and act asif the full model were just one term larger. The above F testis
employed and, if the hypothesisis rgected, the analysis continues in a stepwise fashion with the
larger model as the new hypothesis competing with athe new “full” model having one additional
term. The process halts when a hypothesis cannot be rejected. With “ stretchable” polynomials, it
isthe model order (highest power) that isincremented each time. Let Ky denote the number of
termsin the model; then Ky = P + 1 for amodel of polynomial order P, and Ky, - Ky= 1.
Therefore, the F-test (9) becomes

B S24 - 2Mm
T S2\ / (N-K-1)

F (10)
and is compared to F(1, N-P-1). If the hypothesisisrejected (F istoo large), the model becomes
the hypothesis, P isincremented, and the processis continued. If, however, the hypothesis cannot
be rgjected (F is small enough), it is used.

Though the stepwise ANOV A method iswidely employed and is available in most statistical
packages, the incremental approach has long been recognized as an incorrect application of the
underlying theory (e.g., Pope and Webster, 1972). Rather than comparing each hypothesis
against afull model (afixed standard), each is compared to itsimmediate successor (adiding
standard). To be selected by either technique, amodel has to be judged better than itsimmediately



20 Induction and Polynomia Networks

simpler competitor. But, the stepwise ANOV A method imposes the additional constraint that all
the model’ s simpler versions have to be better than their subsets, in turn. Though this might be
common, insistence on this added constraint can impair the quality of the models selected.

Fenster, Dolan, and Elder (1992) demonstrate this when estimating future shoreline position
for a coastal setback application. Figure 6 reveals how a constant model (uy) would have been
incorrectly chosen by the stepwise ANOV A method to describe the history of shoreline position at
atransect along a Texasidand. Because the linear model is no significant improvement over the
constant, the stepwise procedure stops, despite the clear quadratic shape of the series (visiblein
this low-dimensional data space). The proper F-test method, however, correctly identifies this
guadratic model, revealing the oldest point to be an outlier for the purpose of linear prediction.

100 N | |
| \ Short-Term
\ Linear Modd
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\\Qs\\\
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Figure 6. Model Selection Example (after Fenster, Dolan, and Elder, 1992).

Though a quadratic modd is best, iterative hypothesis-testing halts at the constant model (Y=22),
because the linear model is virtually no improvement.
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4.4. Explicit Complexity Penalties

In the F-test comparisons, models are judged by their relative accuracy differences; for instance, in
(8), the change in variance (or, accuracy difference) is scaled by the variance of the full model
before comparison with an F-table entry. Relative measures are scale invariant, which is not
necessarily an advantage when the natural “noise level”, or underlying data precision, is known.
Thisissue is analogous to the problem of scaling agraph to display information appropriately.
But, the best visual tradeoff depends on the scale with which the data are presented. Use of
relative accuracy as ayardstick (whether to afixed or diding standard) is like sizing each graph by
the data spread, rather than setting the scale objectively.12

When the measurement precision for the datais known and when consistency is desired
between results, it is better to fix the scale; that is, to select models according to a complexity
penalty method which relies on an estimate of “underlying noise level” in the data. Two of the
better known and widely used such criteriaare: Malows' Cp (Malows, 1973) and Akaike's
Information Criterion, AIC (Akaike, 1973). A criterion similar to Cp, which isemployed by a
progression of polynomial network algorithms (described in the next Section), is Predicted
Squared Error, PSE (A. Barron, 1984). These and many other techniques score models according
to both their simplicity and accuracy, providing somewhat different tradeoffs when selecting the
optimum from a set of candidates. The Minimum Description Length (MDL) criterion (Rissanen,
1978) is one of the more conservative members of thisfamily of model criteria (that is, it favors
simplicity over accuracy more than most metrics).

For linear regression, asimple version of MDL can be written:

In(N)Ko2
MDLk = MSEk +%‘2 (11)

for amodel with K terms, based on N data points, with agiven “prior estimate of noise variance’,
02p (supplied by the analyst or estimated using a contributory technique). The error component,
MSEk, decreases asterms are added, yet the second component, a complexity penalty, increases
with K. The model with the minimum sum of the two components is declared the best. Dordick
(1988) describes the devel opment and somewhat radical philosophy of MDL, and Elder and Finn

12For an analogous effect of scale on intuition, see (Cleveland, Diaconis, and McGill, 1982) where perceived

correlation is shown to increase with scale magnification.
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(1991) explain its use for inductive modeling.13 Further details of its use for many types of
inference applications appear in (Rissanen, 1989).14 Here we outline the concepts of MDL (based
on the discussion in Elder and Finn, 1991).

4.5. Minimum Description Length

AsEinstein is supposed to have said, " A theory should be as smple as possible, but not smpler”.
The basic assumptions of MDL are:

1) The more complex something is, the harder it isto describe, and
2) Thesimplest of equally plausible hypothesesis the preferred.

Thus, the shortest description of the data (to some precision) istaken to be the best understanding
of its underlying generating mechanism. (This principle of inferring physical laws from their
simplest explanations is central to the scientific method.) The metric is a quantification of
"Ockham'srazor" -- the mythical tool for paring away superfluous accretionsin a hypothesis, and
is designed to select rationally between competing models.

Traditiona statistical methods for comparing models of different types and sizes are primarily
ad hoc. No usual technique, for instance, can fairly decide between a moving-average model
having three parameters, and a more accurate polynomia model with four parameters (especialy if
the errors are measured according to different metrics). But the MDL criterion purportsto be a
universal yardstick able, essentialy, to "compare apples and oranges'. With such ametric, the
analyst must only insure that a sufficiently rich class of modelsis considered; that is, that the
competing models are numerous and varied enough for at least one candidate to describe the data
well -- aless daunting task than specifying every model term, as required in the usual approach.

These properties of MDL are due to insights from communication theory, where amodel is
viewed as a summary, or shorthand representation, of adata set. It isacompressor of the data,
and the best models are those which (accurately) compact the data the most. Consider sending a
message by telegraph wire, where the message is a stream of numbers. aresponse vector, Y. To

I3However, the former reference does not give an equation for MDL, and the latter (inadvertently) provides only a
special-purpose one, for use when the response is standardized (scaled to have avariance of 1) and the noise variance,
0p2, is taken to be the very conservative value of half the response variance.

14 MDL’s chief developer, Jorma Rissanen, traces his inspiration to the concept of algorithmic complexity (due to
the mathematician Kolmogorov), and to Bayesian predictive densities (e.g., Aitchison, 1975). Significant other
contributionsto MDL include (Wallace and Boulton, 1968) and (A. Barron, 1985).
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send the values (at an agreed upon precision) one assigns codes to each possible number (each
symbol in our "aphabet™). If the symbols are equaly likely, their codes will have roughly equal
length; however, if some symbols are common, we can save space by using short codes for
frequent symbols. Intuitively, thisiswhat Samuel Morse did with his telegraph code by, for
instance, assigning a single dot "-" to the letter "e" and three dots and a dash "----" to the more
rare"v". Such codes are efficient, unless the messageis very unusual. What defines "usua” isa
probability density of the symbols (in this example, the likelihood of hitting a given letter when
randomly striking a pin into a page of text).

How does this apply to models? A measure of the “flatness’ of a probability distribution,
p(), isits entropy

-bYy p(Y)In(p(Y) (12)

(for the discrete set of symbols, Y, indexed by i) where b is a constant denoting the arbitrary
choice of base for the logarithm. This reveals how efficiently the vector can be encoded and
transmitted; in fact, without outside information, this rate cannot be surpassed. But, suppose both
sender and receiver have access to a set of stimulus variables, X; then it's likely that the message of
the data can be sent more concisely through encoding Y given X (denoted Y/X) than by encoding
the Y values directly. Indeed, if thereis aclear relationship between the known variables, X, and
the unknown (to the receiver) Y, then just that relationship (model) needs to be transmitted. The
receiver can then use the model (and X) to recreate Y unambiguously. So at one extreme, when
high a degree of inherent order exists, amodel can succinctly summarize the data. At the other,
when Y is essentially random, alist of the (encoded) valuesis the most efficient way to
communicate them. Thus, the minimum description length of Y given X, MDL(Y/X), isan
indication of how random Y is, given what we know (X).

Real data tend to exhibit some order, but the patterns are clouded by incomplete and "noisy"
information and by complex interactions among contributing factors. Models can only
approximate the response variable, Y, so encodings consist of two parts:

1) A description of the model, and
2) Anencoded list of itserrors.

Errors can be transmitted more efficiently than the original numbers, since they typicaly
cover asmaller range of values; thus, fewer symbols are needed (for a given precision) and their
density is more peaked (their entropy less). In general, the more complex the model, the better the
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fit, so the easier the errors are to transmit; however, these savings are counteracted by the extra
difficulty in describing the model itself. Using these two components of the code (model
description and error description) there emerges a natural way -- total description length -- to trade
off model ssimplicity and accuracy. The best candidate model has the shortest code; that is, leads to
the most efficient encoding of the message in the data.

4.6. Other Complexity Criteria

MDL isone of aclass of complexity penalty criteriafor model selection. Some others (e.g.,
ICOMP (Bozdogan, 1988) and Stochastic Complexity (Rissanen, 1989)) employ determinants of
the design matrix, but for scoring LR models, most can be expressed in such away asto rely only

on the sum of squared errors, SSE, the number of parameters, K, the number of cases, N, and
(perhaps) a prior estimate of the error variance, 0p2. Other complexity criteriainclude, in rough

order of conservatism (i.e., protection against overfit):

SSE
adjusted Mean Squared Error, aMSE = \-g (13)

N+K
Akaike's (1970) Future Prediction Error, FPE = aM SE—— (14)

2K SSE
Akaike's (1973) Information Criterion, AIC = In(MSE) + 1, where MSE =—— (15)

KIn(N
Schwarz's (1978) Bayesian Criterion, SBC = In(MSE) ++ (16)
SSE
Mallow's (1973) Cp=—5 -N+2K a7
op
20p2K
A. Barron's (1984) Predicted Squared Error, PSE = MSE + — (18)
0p2
Sawas BIC = In(MSE) + 2q(K+2-qg)/N, where q = \jSg (29)

-- al of which areto be minimized. (Other criteria are members of this family, such as adjusted
R2, Parzen’s (1977) CAT; Craven and Wahba's (1979) Generalized Cross-Validation, GCV;
Amemnya's (1980) Prediction Criterion, PC; Hockey's Sp; Hurvich and Tsai’s (1989) Corrected
AIC, AlCc; and metrics proposed by Shibata (1980), and Breiman and Freedman (1983). Some
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aVvISE
Sy2

are redundant; for example, adjusted R2 is areverse version of (13), equal to 1 - , and Cp

(17) isequivaent to PSE (18) for LR.)15

Toillustrate use of these criteria, they were applied to the most accurate (L2) models of each
size, 1to 18 terms, of the rocket temperature estimation application discussed in (Elder [this
volume], Section 4.5 on branch and bound modeling).1¢ Table 2 provides the model/criterion
matrix. Theapriori error variance estimate, 0p2 (needed for the PSE, MDL, and BIC criteria) was
set to 3.54, which is half the variance obtained by nearest neighbor (NN) estimation.17:18 The use
of the NN error, as opposed to a"full model" error variance,1® seems more robust. The issue of
defining a"full model" is avoided; also, the error estimate, while being inferred (like the model)
from the data, comes from alocal, contributory technique, and is somewhat orthogonal to the
global, consensus estimates of LR.

In Table 2, the global optima according to each criterion are boxed, and any local optima
(scores lower than those both above and below) are underlined. (The existence of the latter
demonstrate that any minimizing search should continue a bit past the point of complexity where a
criterion ceases to improve; often there are later model "breakthroughs'.) Note that the criteria
employing the NN 0p2 estimate choose smaller optima models; that is, they are more conservative

with respect to model complexity (probably agood trait on this small and dichotomous data base).
(The estimates are conservative primarily because the NN op? is roughly equivalent in SSE to the

two-term model.) Based on these resullts, the five-term model |ooks to be the choice for new data:

15For the problem of selecting the optimal model order, some of the criteria have been shown to be asymptotically
efficient, and some others to be consistent. One cannot be both (Schwarz, 1978).

16The data, from (Lloyd and Lipow, 1962), are reproduced in (Elder [this volume], Table 9), and the forms of the
simplest ten models appear in (Elder [this volume], Tables 10 and 11).

1"This heuristic, suggested by A. R. Barron (1987, personal communication), is due to the NN estimator having an
error probability of less than twice the Bayes (optimal) probability (Cover and Hart, 1967).

18The particular NN a gorithm used the original variables as dimensions and measured distance according to the L 1

X -
criterion with standardized-(s—mx) axes. Each case, inturn, is compared to the others; the output value of the
X

closest case, Ynn, estimates the recorded value, Y, and the resulting errors are accumulated. (When distancestie, the

observation which appears first in the data base is employed, though averaging output values could be done.)
19As called for by the Cp criterion, inits original form, and by hypothesis testing methods; see the ANOVA

discussion above.
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most of the criteriawere at least locally minimal there, and the least permissive (MDL and BIC)
identified it as best overall.

Table 2. Criteria Scores for the Most Accurate Model of Each Size, K
(*with o2 = 3.54, half the Nearest Neighbor error variance)

K SSE aMSE FPE AIC SBC PSE* MDL* BIC*
1 | 325.03 1413 | 14.72 | 64.54 274 | 13.84 | 14.01 2.67
2 | 163.16 7.42 8.03 | 50.00 2.18 7.39 7.74 2.07
3 88.76 4.23 476 | 37.39 1.71 4.58 5.10 1.63
4 69.70 3.49 4.07 | 33.59 1.60 4.08 4.78 155
5 56.28 2.96 3.58 [ 30.45 1.51 3.82 [4.69]| [1.54]
6 52.12 2.90 3.62 | 30.61 1.57 3.94 4.98 1.64
7 38.85 2.29 295 | 25.56 1.41 3.68 4.90 1.72
8 29.13 1.82 243 | 20.65 1.25 3.57 4.96 1.92
9 20.45 1.36 1.87 14.16 1.03 3.51 5.07 2.21

10 16.86 1.20 1.71 11.53 0.97 3.65 5.39 2.57
11 14.34 1.10 1.61 9.64 0.94 3.84 5.75 2.98

12 | 1237 | [103]| [155]| [8:09]| [0.93]| 406 | 614 | 3.42

13 12.13 1.10 1.70 9.62 1.04 4.34 6.60 3.98
14 11.40 1.14 1.81 10.13 111 4.61 7.04 4.56
15 11.32 1.26 2.04 | 11.96 1.23 4.90 7.50 5.19
16 11.12 1.39 2.32 13.54 1.35 5.18 7.96 5.83
17 11.08 1.58 2.70 15.45 1.48 5.48 8.43 6.47

18 11.06 1.84 3.23 17.41 1.61 5.77 8.90 7.11
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4.7. Implications of the Computer Age

The enormous flexibility and scope of model searching made possible by the computer has led to
something of abreakdown of traditional model selection criteria. Clearly, the best representative of
thousands (or millions ...) of candidate models has a different nominal performance distribution
than that of any single model, so on€e' s standards of “significance” must be raised to avoid overfit.
That is, the chance of finding a model with attractive accuracy, but which has no predictive power
on new data (i.e., is randomly good) increases with the number of candidate models one
explores.20 Traditional significance tests, which assume amodel is being examined inisolation,
are therefore not appropriate, despite their continued wide use. This phenomenon (huge candidate
model setsand limited data -- aresult of the computer age) violates the assumptions of asymptotic
analysis, and may be partly responsible for the growing conservatism of model selection metrics.

The model selection stage of data analysis can invalidate the standard significance checks
performed by induction procedures. For example, with LR, the F-statistic (Sections 4.2 and 4.3)
is known to be improper for stepwise methods (Pope and Webster, 1972), “best subsets’ tend to
have an inflated value of R2 (Rencher and Pun, 1980), and prediction M SE estimates can be
strongly biased (Breiman, 1988). Hurvich and Tsai (1990) note that

... conditionally on the event of having selected a particular model, the distribution of the
data may be substantially different from their unconditional distribution. (p. 214)

and blame much of the problem on employing the same data for both structural identification and
parameter inference. Similarly, Hjorth (1989) argues that

... the evaluation of a selected model can not be based on that model alone, but requires
information about the class of models and the selection procedure. (p. 101)

(leading to the puzzle of designing model selection metrics to include the effect of model selection!)
Hjorth (1989) also warns that

...selection minimizing a criterion will cause underestimation of this criterion even if the
estimators are locally unbiased. (p. 111)

20This observation leads to philosophical puzzles. For instance, if the first model examined remains the best found
(sofar) isour confidence in its quality strengthened or weakened asthe list of rejected aternatives grows? The
former perspectiveis bolstered by the fact that the model is so hard to dethrone, and the latter by the realization that
its performance should be judged by a best-out-of-M standard, for growing M. (What if the winner were the last
model, rather than the first?)
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Other data analysis procedures also affect model confidence. Case diagnosis (leading to
weighted or deleted cases) changes metrics; for example, weighted LR invalidates R2 measures
(Willet and Singer, 1988). Also, removing low-order model terms (e.g., carving in polynomial
networks) can make the model “not well-structured” (Peixoto, 1987), in the sense that linear
transformations of the inputs (such as a change of scale) can lead to the selection of a different
model structure. (In those situations in which the model form isto be interpreted therefore, one
should consider retaining lower-order terms.) Lastly, transformations of the variables, such as
Box-Cox normalizations, can inflate the variance (uncertainty) of some model parameters (Bickel
and Doksum, 1981).

Finaly, it isthe experience of severa induction researchers that nonlinear parameters are
more powerful than linear ones, and should be considered larger contributors to model complexity.

[The results of Hastie and Tibshirani (1985)], together with those of Hinkley (1969,
1970) and Feder (1975), indicate that the number of degrees of freedom associated with
nonlinear least squares regression can be considerably more than the number of
parametersinvolved in the fit. (Friedman and Silverman, 1989; p. 9)

Clearly, adjusting for the added complications introduced by modern model selection
strategies (including massive candidate model sets, nonlinear parameters, case weighting, and
variable transformation) requires rather conservative (larger) complexity pendties, or careful
application of sample re-use techniques (e.g., cross-validation, jackknife, or bootstrap
procedures). We described the former approach in Sections 4.4-4.6; a good example of the latter
can be found in the recent Regression Analysis Tool (RAT) prepared by Faraway (1991) in the
Lisp-Stat language (Tierney, 1990). There, regression analytic steps are characterized as functions
acting on regression models and returning regression models. A multi-stage procedure -- including
skewness and heteroskedasticity transformations, outlier and influential point removal (and
potentia re-introduction), feature creation, and backward term elimination -- is performed multiple
times on different subsets of the data, and the resulting distribution of modelsis analyzed. Also,
the distribution of individual model parameters (if nearly ubiquitous) or of model predictionsfor a
particular data case, can be examined for a graphic indication of their precision and certainty. An
assessment of distributions could even be done concurrent with data analysis to signal the
effectiveness of analyst actions, and perhaps indicate when to stop the process.

Yet, RAT simulations are quite time-consuming. Though a single regression stage (for afew
hundred data points) took only 2 seconds on aworkstation in (Faraway, 1991), each entire
simulation required 2 days! More importantly, though the multi-stage procedure was designed to
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approximate the behavior of a human analyst, only deterministic steps -- i.e., those which can be
completely characterized and programmed a priori -- can be included (excluding, for example, the
integration of visual information). Still, the technique points away toward assessing the impact of
computer-intensive methods on model selection (and on their predictions), and is worthy of
continued attention.

4.8. Remarks

Modern induction techniques (such as the polynomial network methods discussed in the next two
Sections) often induce the structure, aswell as the parameter values, from sample data. This
brings to the fore questions of how best to measure accuracy, complexity, and their tradeoff. The
goa must always be generalization; that is, performing well on new cases arising from the same
system as the known “training” cases. To attain this, candidate models must be powerful enough
to fit the old data, but ssmple enough to avoid overfit on the new. Traditional significance testsfor
evaluating the utility of agiven model term are weakened or invalidated by modern anaysis
procedures, such as extensive model search, variable transformations, case weighting, and
consideration of nonlinear model terms. In addition, it is becoming clear that inference must even
be adjusted to account for any prior data analysis performed. Use, therefore, of conservative
complexity penalties and re-sampling techniques to identify good models should only increase as
the scope of induction tasks | eft to the computer continues to grow.



30 Induction and Polynomia Networks

5. POLYNOMIAL NETWORK ALGORITHMS

When computing power was expensive, anaysts were forced to employ rigid parametric models
even when the rel ationships between stimulus and response variables were not clear enough to
warrant the necessary prior specifications. Armed with atireless “computing assistant” however,
researchers have increasingly turned to nonparametric, iterative, and exploratory techniques to
model difficult data. This Section exploresaset of these powerful induction techniques that exploit
the available cycles on modern machinesto create effective models.

Polynomia networks combine many of the strengths of ANNSs and iterative linear regression
methods, and have been successfully employed in a number of applications, including automatic
pipe inspection (Mucciardi, 1982), fish stock classification (Prager, 1988), reconfigurable flight
control (Elder and Barron, 1988), tactical weapon guidance (Barron and Abbott, 1988), and
prediction of temperature distributions (Fulcher and Brown, 1991). One of the earliest polynomial
network approaches, the Group Method of Data Handling (GMDH) was partly inspired by
research with Perceptrons (Rosenblatt, 1958) and Learning Filters (Gabor, Wilby, and Woodcock,
1959). Introduced by Ukrainian cyberneticist and engineer A. G. Ivakhnenko in 1968 (and
discussed in virtually every issue of Soviet Automatic Control since), GMDH has influenced the
development of several techniques for synthesizing (or “self-organizing”) networks of polynomial
nodes. This Section describes and differentiates those algorithms, and the next Section
demonstrates the use of one of them (ASPN) on three increasingly challenging estimation tasks.

5.1. The Group Method of Data Handling (GMDH)

Thereislittle advantage in precisely estimating the parameters of amodel if its basic structure (the
input variables, and their transformations and interactions) is rather tentative. Rather, the chief
challenge is often the discovery of aworking approximation to the underlying “machinery”
responsible for generating the data one has been able to record. The GMDH (e.g., Ivakhnenko,
1968; Farlow, 1984) attempts a hierarchic solution, by trying many simple models, retaining the
best, and building on them iteratively, to obtain a composition (or feed-forward network) of
functions as the model.

The building blocks, or polynomial nodes, usually have the quadratic form
Z=Wp+ wWja+ wob + wsa?Z + wzb2 + wisab (20)

for inputs a and b, coefficient (or weight) vector w, and node output, z. The coefficients are found
by solving the Linear Regression (LR) equations with z =y, the response vector. (Thus, each
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node, with only two inputs and six terms, attempts to solve the whole problem; that is, to match
the response variable, onitsown.) All (MZO ) pairs of Mg inputs are examined and the best M1 are
retained as thefirst layer (or generation) of nodes. The process continues at the second layer,
using the M1 outputs of thefirst layer, z11 to z1, asinput variables (and so on) until the model’s
complexity impairsits performance. The best final node, z*, and its ancestors (those earlier nodes
recursively feeding into z¥) compose the final model. An example appearsin Figure7.

The GMDH gets its name from the cross-validation-like process employed both to select
nodes and to halt model construction. The datais split into two sets: one for training, one for
selection. Thetraining cases are employed with LR to find the parameters, w, and the selection
cases provide new data by which those models are compared. According to the regularity model-
ing criterion, nodes doing the best on the second set are retained and the rest are discarded.2
Likewise, when the best node of alayer (according to the selection data) is worse than the best
representative of the previous layer, model synthesis halts with the latter node as the crown of the
model, and all connections not feeding into it are pared away. Asillustrated in Figure 8, training
accuracy aways improves with complexity but testing accuracy can sharply deteriorate. To avoid
overfit, the GMDH halts when testing worsens.22
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21Another GMDH selection criterion of | hcr%éwzl@oﬂ-s Eﬁﬁ@zm];n mum of bias metric (e.qg., Farlow, 1984), which
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selection SRt +TH
vﬁ tmef Ie@ﬁéféﬁa%zare retained. This has also been combined with the regularity metric described.
22The best stopping place is at the global minimum (occurring in Figure 8 at 4 layers), though most GMDH
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Figure 8. Model Accuracy vs. Complexity (after Elder and Finn, 1991).
Though training accuracy improves with additiona terms, test performance can sharply worsen.

Through compositions of low-dimensional functions of afew variables, it is possible to build
up high-dimensional functions of severa variables. Infact, Lorentz (1966) has shown (extending
(Kolmogorov, 1957), which disproved Hilbert’s famous 13th conjecture) that any multivariate
function can, in theory, be approximated to an arbitrary accuracy by a (particular) compositional
network of univariate functions (see Elder [this volume], Section 7). However, inducing such a
model from sample data remains a great challenge. A sobering example isthat of Artificial Neura
Networks (ANNS), for which even the “ data memorization” problem has been shown to be NP-
complete: “Thereis no reliable method to configure a given arbitrary network to remember agiven
arbitrary body of datain areasonable amount of time.” (Judd, 1990; p.7).

The expressive power of GMDH compositions appears extreme when one expands the
network to obtain a single equation in the original inputs. The equation for the network of Figure 7
for example, has 981 terms (such as cdoe and a2bc?e3)23. Prager (1984) expanded GMDH models
and then performed extensive feature selection to remove unneeded components; still, most
networks are left in compositional form, as even simple models can have thousands of terms
(Elder, 1980). The actual degrees of freedom are, of course, bounded by the number of

23Terms employ a most 4 of the 5 input variables, and have a total power < 8 (218Y€rs),
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parameters in the network, but two factors constrict model freedom even further. First, as
demonstrated in (Elder [this volume], Section 3.3) for a simpler node form, not all apparent model
flexibility isactudly available. (There, smilar termsin anetwork of 12 parametersresultsin a
polynomial with fewer than 8 degrees of freedom.)2* Secondly, early nodes become fixed during
training and only parametersin the latest nodes are adjustable.

Still, the smple GMDH agorithm is quite powerful, due primarily to its creating data
features, z, from the original variables, and to its adjusting the complexity of the model according
to performance. Also, the method grows models by a chunk of terms at atime, thereby avoiding
some of the pitfalls of one-step greedy techniques.

Table 3. Greedy Counter-Example for Regression

Case Y X1 X2 X3
1 1 1 1 0
2 1 1 1 0
3 1 1 0 1
4 1 0 0 1

Toillustrate thislast point, consider a stepwise regression solution to fitting Y in Table 3
using X. The best single variableis xs, but onceit isincluded, no improvement is possible. Y et,
X2 + X3 isan exact solution. This phenomenon is not confined to regression. Cover (1974)
showed that E; can be the best single experiment, yet if two are alowed, two copies of the “worst”
experiment Eo can be preferred.2> Likewise, the CART algorithm (described in Section 2) grows
its decision tree in agreedy manner, and is thus stymied by the data of Table 4. The CART tree of
Figure 9 misclassifies 2 cases, whereas the smpler tree of Figure 10 would make no errors.2

24Several authors (e.g., Green, Reichelt, and Bradbury, 1988) incorrectly assume the expanded GMDH model with L
layersin V variables will have the terms of the full polynomial of degree, D = 2L, numbering (DV+V> . However,

not all interactions are made possible by pairwise connectivity. For example, the two-layer, three-node, four-input

GMDH network has 54 rather than <4Z4> = 70 terms; lacking, for example, a2bd and bc3.

25The article, “ The Best Two Independent Measurements are Not the Two Best” referenced similar cases; e.g., when
the two worst individual experiments (of three) were the best pair.
26Under the default CART settings, no tree is constructed. This result employs resubstitution accuracy and

disallows splits of small nodes (=2 cases). CART requires 6 splits for exact classification of these (7 distinct) cases.
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Table 4. Greedy Counter-Example for CART

O O Fr F F Fr O O|K
P P P O PFr O Fr O|w
R P P P O O O O|T
P P O OFFr PFrPr O O|o

Figure 9. (Sub-optimal) CART Tree for Data of Table 4 (XOR(b,c))

The data of Table 4 conform to the parity functiony = XOR(b,c), but CART (and stepwise
LR and other greedy techniques) begin with variable a, asit isthe single best. Also, (non-greedy)
perceptrons or other linear discriminators would fail on thistask, because the parity function is not
linearly separable (Efron, 1964; Minsky and Papert, 1969). The GMDH however, can find the
correct function -- an algebraic equivaent of XOR(b,c):

y=b+ c-2bc (21)

-- asit employs nonlinear terms and is less greedy in its search (simultaneoudly setting six terms,
rather than one).
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Figure 10. Binary Tree Implementing XOR(b,c)
5.2. The Polynomial Network Training Routine (PNETTR)

In 1968, R. Barron of Adaptronics, Inc. (ADI) met Ivakhnenko while attending conferencesin the
USSR, and invited him to submit a paper to the newly formed Systems, Man, and Cybernetics
Journal. According to (Barron, Mucciardi, Cook, Craig, and Barron, 1984) that article,
“Polynomial Theory of Complex Systems’ (Ivakhnenko, 1971) “greatly stimulated interest in
GMDH outsidethe USSR”. A. Mucciardi (also at ADI, and the |EEE Editor who annotated
Ivakhnenko's paper for clarity) then programmed a Polynomia Network Training Routine
(PNETTR), enhanced with clustering procedures stemming from his doctoral research (Mucciardi
and Gose, 1972). Other additions included the use of athird data subset to evaluate model quality,
reintroduction of some (preassigned) original inputs as candidate variables in subsequent layers,
global adjustment of the final network weights, and cascading of networks (Barron et a., 1984).

The cluster information was found to be particularly useful, and separate networks were
sometimes trained for individual data clusters. Also, considering original input variablesfor usein
later layers was an important innovation (discussed further below). The cascading of networks
however, (where the errors of one network become the training goal, y, for the next), undoubtedly
led to overfit, and perhaps was a motivation for the additional fragmenting of the datainto athird
set. Inany case, the heavy use in GMDH of the selection data set doesimpair its “independence’
and thusits ability to determine model accuracy, so athird set isuseful -- if the reduction in
training data can be afforded.

Globa parameter adjustment after the network structure is established allows weightsin early
layers (which are fixed under GMDH) to be changed -- potentially improving the network. For
nearly a decade, ADI researchers had been relying entirely on such a search procedure to establish
weights for their multi-layer (polynomial) neural network models (called Adaptive Learning
Networks, or ALNSs), with some success (see Elder [this volume], Section 3.2; Barron €t. al,
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1984; Hecht-Nielson, 1990). However, switching from networks of fixed structure to the self-
connecting networks formed by GMDH seemed to be a breakthrough, and the PNETTR algorithm
was successfully employed on commercia and military applications for anumber of years (e.g.,
Barron, 1975).

Still, the heavy data demands of the algorithm (each of the three data sets were to contain
representatives of every cluster of data points), and its tendency to overfit (especially with
cascading) highlighted the need to better employ the available data. At thisjuncture (1981), A.
Barron (son of R. Barron) derived a complexity penalty metric2” which allows use of al the data,
by penalizing models (in units of accuracy) for each parameter they employ.

A. Barron completely overhauled PNETTR, eventually introducing three-input cubic nodes
and nonlinear (cube-root and exponential) nodes, allowing candidate inputs to come from all
preceding layers, producing density estimates and classification tables, and automatically creating
Fortran routines implementing the models. Also, as networks increasingly consisted of fewer
layers of larger (up to 13 term) nodes, pre-determined subsets of the largest were considered (i.e.,
some terms were removed a priori) to allow simpler networks, when possible. To enhance
understanding of network weights, stimulus variables were mean-sigmanormalized (and response
variables "unitized"); also, to ease the growing combinatorial explosion, input pairs were screened
before combination. The early PNETTR additions of clustering, cascading, and global adjustment
were dropped, but the speed and usability of the code was enhanced (Barron et al., 1984).
PNETTR (Version V) was extensively employed in-house and occasionally leased to customers.
Some of its capabilities are even in hardware devices; in particular, robots for nondestructive
evauation of materials (from the Adaptronics Products division of Flow Genera, Inc., of McLean,
Virginia-- the company which purchased ADI in the early 1980s).

2IThe Predicted Squared Error (PSE) metric is similar to those of Akaike (1972) and Mallows (1973); see Sections
4.4 and 4.6). A. Barron later (1985) extended Rissanen’s MDL model selection criterion (Section 4.5). Prager
(1984) aso employed a complexity penalty (aswell as subset selection, to reduce terms of an expanded model).
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5.3. The Algorithm for Synthesis of Polynomial Networks (ASPN)

Inspired by descriptions of, and some experience with, PNETTR, J. Elder (1985, 1989) wrote the
Algorithm for Synthesis of Polynomial Networks (ASPN).28 The primary building blocks (nodes)
of ASPN are incomplete third-order polynomials with one to three inputs

Zsingle = Wo + Wia + woaZ2 + waad (22)
Zdouble = Wo + Wia + Wob + wza2 + wab?+ wisab + wga3 + wyb3 (23)

Ziriple = Wo + Wia + Wob + waC + wya2 + wsh? + wgc? + wrab + wgac + wgbc
+ wygabc + wy1a3 + wyob3 + wy3c3 (24)

In addition, nonlinearly-weighted nodes of cube-roots (z= wg + W13-\/a - W2 ) and exponentials (z
M
= wp + w1e2d) are considered??, along with amulti-linear node (z = E wiXk ), for each layer.

k=1
Thislast element indefinitely extends the number of possible inputs that can be considered at one
time, albeit with avery simple structure (and ensures that the networks outperform ordinary LR!).
Interestingly, the one term in the ASPN triple not in the largest PNETTR nodes (wpabc) turns out

to be important; enabling, for instance, solution of the 3-input parity problems°. (In general, the
M

M-input parity problem can be solved by a single, multi-product term, ank , if the binary

k=1
inputs are encoded to the values +1, rather than 0 and 1 (Elder [thisvolume], Table 7). Otherwise,
the multilinear polynomial in M inputs, with 2M terms, is required.)

Other ASPN innovations (demonstrated in the next Section) include potential sharing of
nodes between different networks, carving of building blocks (greedy reverse term reduction)31,

28Some of the contributing ideas stemmed from a 1985 workshop, hosted by Barron Associates, Inc. (BAl) which
included researchers R. Barron, J. Elder, and P. Hess from BAI, A. Desrochers from Rensselaer Polytechnic, A.
Barron and S. Boyd from Stanford, M. Prager from U. Rhode Island, and P. Chandler and the (late) E. Rachovitsky,
from Wright Aeronautical Labs, the Air Force agency which sponsored the early development of the algorithm.
29PNETTR apparently calculated these nonlinear transformations “ between layers’ for a subset of the outputs of the
previous layers, and it is not clear whether they impacted the perceived complexity of the network. In ASPN, they
were treated similarly to all other nodes (but seemed to be relied on morerarely).

30X OR(a,b,c) is 1 when an odd number of inputs are 1, and isequivaenttoy = a+ b+ ¢ - 2ab - 2ac - 2bc + 4abc.

31An improvement would employ optimal branch and bound subset selection (e.g., Elder [this volume], Section 4).
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Figure 11. Sample ASPN Network.
The network simultaneoudly estimates the two response variables, Y1 and Y2. TheY 1 model is
three layers deep and employs six polynomial nodes and six origina stimulus variables; that for Y >

has two layers, three nodes, and four input variables. Note that there is cross-coupling, or sharing
of intermediate results (Triple17), between the sub-networks. The stimulus variables (automatically

selected from the set of candidates) are each normalized before use, and the estimates for the
response variables are similarly unitized upon output.

Nearest-Neighbor initialization of the complexity parameter, use of the PSE or MDL modeling
criterion, several measures of variable influence, real-time network graphics, efficient re-use of
intermediate data statistics, and agreat deal of flexibility in defining limits and secondary options.
An example network for two response variables is shown in Figure 11.

ASPN isaccompanyed by five utility programs:32

1. Imp: Evaluate the mode on new data and/or output the model as C or Fortran code.
2. Syle: Design network nodes.

320ther direct contributors are S. Goldschmidt (Style, Imp, and DBPrep), D. Barron (X press), K. Cascone (some
DBPrep refinements and documentation), and P. Hessand R. Cellucci (utility routines for Global O).
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3. DBPrep: Transform, graph, and extract features from data.33

4. GlobalO: Globally optimize the network according to a user-defined accuracy metric.34

5. Xpress: Algebraically expand the network into a single equation (after Elder, 1980)
and/or derive partia derivatives for the output with respect to the inputs.

ASPN has been extensively employed in aerospace applications (e.g., R. Barron, Cellucci,
Jordan, Beam, Hess, and A. Barron, 1990), and is available from Barron Associates, Inc. of
Stanardsville, Virginia. A scaled-down version of ASPN and Imp for personal computers (known
as AlM; e.g., Celucci and Hess, 1990; Montgomery and Drake, 1990) is available at a reasonable
cost from AbTech, Inc., of Charlottesville, Virginia. Though lacking many useful ASPN options,
the key GMDH-like ideas are implemented within a user-friendly object- and menu-driven
interface, as shown (for the MacIntosh) in Figure 12. Polynomial networks can take orders of
magnitude less time to train than conventional back-propagation ANNS, and typically achieve better
results (e.g., Tenorio and Lee, 1989). A recent Spectrum reviewer, performing such a
comparison, dubbed AIM “far and away the most practical machine learning tool on the market
today” (Shewhart, 1992).

5.4. The Analogy with Evolution

Despite its name, the essence of the Group Method of Data Handling lies not in grouping the data
into training and testing sets. Nor are polynomial nodes essential. The key innovation is adapting
acompositional network to sample data; that is, inducing ageneral model structure, aswell asits
parameters, from example cases in a stagewise manner. Inits creation and development, GMDH
researchers have often been consciously guided by an evolutionary paradigm:

...starting with afew basic primeval forms or equations, we construct a new generation of
more complex offsprings and then alow a survival-of-the-fittest principle to determine
which new equations live and which equations die. .... Continuing this process for many
generations, we will “grow” a progeny of mathematical models that will behave more and
more like thereal system. (Farlow, 1984; pg. 1)

33DBPrep can display scatterplots, strip charts, histograms, and Fourier spectrums. Available transformations
include power, polynomial, rational, trigonometric, piecewise linear, and time-series functions, as well as Linear
Polynomial Filters (Gilstrap, Goldschmidt, and Elder, 1986).

34A re-introduction of the early ADI network training method, but allowing arbitrary “score functions’, not just least
squares (L). Still, network structures found by minimizing L2 seem to at most be fine-tuned by alater

optimization process, and not radically affected, even if the criterion is as different as Lo (hit/miss metric). -- JFE
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Figure 12. AIM Interface for Maclntosh™.

The leftmost icons allow one to view and edit the data base, generate test functions, and synthesize
anetwork. Once created, a network can be inspected node by node (not shown), encoded into C,
evaluated statistically, exercised over adata base, or queried one case at atime by the icons on the

right. The pull-down menus, at the top, contain further options.

Modern faith in the power of evolution seems to have been afactor in the development of
many algorithms -- e.g., ANN, GMDH, Genetic Search (e.g., Holland, 1975; Denning, 1992),
and Evolutionary Programming (Fogel, Owens, and Walsh, 1966) -- which consciously draw on
that analogy. However, the supposed wonder-working ability of the paradigm is often
appropriated for the derivative programs, regardless of their actual performance. Ivakhnenko for
example, expects much from the GMDH methodol ogy:

It isremarkable that thereis no end in sight. New horizons open continuoudly, turning the
GMDH agorithm into an apparatus unifying many engineering sciences. The GMDH
algorithm has become the center of cybernetics and of a universal metascience for studying
the modeling of communication and control of complex systems. ....[but] There are no
sessions at world or national congresses or conferences devoted to GMDH. Publications
in maor journals on control or communication theory in the United States and the USSR
are not devoted to GMDH papers. This situation must be changed for the benefit of
humankind. (Ivakhnenko, 1984; pp. 108, 116).
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However, the algorithm is less anal ogous with macroscopic evolution (to which so muchis
ascribed) than to microscopic evolution -- particularly, guided adaptation (with its more humble
improvements). That is, GMDH modeling is more like breeding animals for a specific purpose
(e.g., dogsto pull dedsinthe Arctic) thaniit is“creating new species of creatures’. Firstly, the
offspring are not random mutations, but are directed toward a specific goal (the response variable,
Y). Secondly, the end results are (perhaps surprisingly) strongly dependent on the quality of the
starting variables, as demonstrated in Section 6.3. “Within-species refinement”35 is thus the
evolutionary analogy appropriate to the GMDH family of agorithms, and which can help
illuminate its strengths and weaknesses.

5.5. Potential Improvements
Inductive polynomial networks have proven useful for many challenging statistical problems.

[GMDH] appears to be advantageous with systems characterized by complexity with many
variables and parameters, ill-defined mathematical structures, and limited data. In other
words, this algorithm is useful for empirically generating hypotheses about systems of
which relatively littleis known. (Duffy and Franklin, 1975; p. 226)

However, Green, Reichelt, and Bradbury (1988) tested a straightforward implementation of
GMDH on variations of several (known) test functions, and found it to fail to perform aswell as
had been claimed, especially in the aforementioned cases.

... GMDH isinferior to regression for processes that are noisy, nonlinear, or multivariate,
and for small sets of sourcedata. A major problem isthat extrapolations can diverge
rapidly from true values of a process unless care is taken. (p. 49).

Y e, they also noted that introducing lagged values of the response variable as candidate inputs to
GMDH “dramatically improved the mode fit [particularly] outside of the training range for each of
the cases examined” (p. 55).

35)t was observation of such aphysical process that led Darwin (1859) to extrapolate to the revol utionary idea of
cross-specia evolution, and to initialy declare “I can see no limit to the amount of change to organic beings which
may have been affected in the long course of time through nature’ s power of selection.” However, despite the
theory’s nearly universal modern following (as the sole naturalistic contender for our origins), it remains weakly
supported: “The influence of evolutionary theory on fields far removed from biology is one of the most spectacular
examplesin history of how a highly speculative idea for which there is no really hard scientific evidence can cometo

fashion the thinking of awhole society and dominate the outlook of an age.” (Denton, 1985; p. 358) - JFE
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Obvioudy, the quality and information content of the input variables matter a great deal (and
Examplesin Section 6 confirm that even when the data contain the necessary “raw materials’, it
can pay to refine the features). Analyst experience too, can significantly impact the quality of
models constructed with this exploratory technique. Still, algorithmic limitations exist. Green,
Reichelt, and Bradbury (1988) suggest the main GMDH weaknesses stem from “combining
variables in pairs, rather than larger groupings, when forming submodels’ (p. 68). Earlier such
observations led to extending node “width and depth” with three-input cubic building blocksin
PNETTR (111 & 1V), and to further introducing (variable-sized) multilinear nodesin ASPN. Still,
the “reach” of the method is limited when contributions from variables must truly be ssmultaneous,
as with the parity problem. (Only ASPN can handle three variables, and none will automatically
identify a parity function of four or more.)

A more pressing limitation may stem from what is most often a strength of the method: its
directedness. Pointing every node toward the final goal often allows simple models to be found,
and their compliance provides a natura measure (along with complexity) by which nodes may be
compared. Use of agoa vector (and the Lo metric) allows the weights to be determined very
efficiently by LR; however, the various intermediate solutions become more and more alike as the
network grows. For this reason, and because they come with no complexity “price tag”, original
input variables are very often employed in every layer by PNETTR and ASPN models. The
networks are then not pyramidal (asfor GMDH in Figure 7), but more serial -- new nodes
successively employing original inputsto refine aleading candidate model from the previous layer.

This seeming propensity for input variety also reveals why ASPN often shares nodes
between outputs trained simultaneously. Even though nodes trained for another response variable
are costly (in terms of complexity penalty) their approximation to that related output can contain
contextual information useful to a*“peer” model. (An example appearsin Section 6.3.) Other
way's to encourage population diversity (while avoiding the morass of sheer randomness) include

1) Multipleaim points. A suite of nonlinear, monotonic transformations of the response
variable (e.g., In(Y), Y-1, &(Y)) could provide alternate goals from which the
original output can be recovered. (Thisissimilar to node sharing, but is also possible
when only one variableis being modeled.)

2) Multiplecriteria: Retain afew nodes for qualities other than accuracy, as with the
“minimum of bias” GMDH criterion which rewards robustness, or through a
correlation penalty (e.g., the classification metrics of Mucciardi and Gose, 1971)
which discourages use of redundant variables. In the limit, some nodes could be
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trained to combine well with their peers, by focusing on residuals, Y - Z, rather than

the response vector, Y (as performed by severa iterative methods, e.g. Generalized
Additive Models (Hastie and Tibshirani, 1986)).

3) Multipleregions: Rather than approximating the response for all cases (using the data
projections available to each node) cluster the cases, prepare amodel for each region,
and combine the sub-models (similar to Regression Trees (Chaudhuri, Huang, Loh,
and Y ao, 1990), and Composite Models (Skeppstedt, Ljung, and Millnert, 1992)).

4) Bi-directional growth: Increasingly complex features of the stimulus variables “reach
forward” to match the response; but, the response could also “reach backward” to
meet the original variables or their transformations -- generaizing multiple aim points.
If those reverse functions are invertible (as above), a complete mapping from stimuli
to response is possible; if not, perhaps some useful data transformation will
neverthel ess be suggested (as sought by the Alternating Conditional Expectation,
ACE, technique for function smoothing (Breiman and Friedman, 1985)).

Incorporation of any of these suggestions should enhance the quality of polynomia networks
synthesized. Still, the current inductive algorithms have the flexibility and power to address awide
range of challenging applications. The next Section demonstrates use of ASPN for two estimation
tasks and a control problem, and highlights several agorithm capabilities (and modeling dangers)
mentioned.
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6. EXAMPLE ASPN SESSIONS

This Section demonstrates detailed use of ASPN and its utilities to solve a sequence of increasingly
complex modeling tasks in forecasting, design, and control. In this discussion, waysto identify
and employ intermediate results to guide research is emphasized. The ASPN User Manual (4t
edition; Elder, 1989) contains further details on the program options and particular steps taken in
these examples.36

6.1. Task 1 -- Moon Ballistics

Suppose afanciful problem: A cannon on the moon has been test-fired 50 times at various random
angles of inclination, y (degrees), and muzzle velocities, V (meters/second), and the corresponding
distance that the cannonball travelled, X (meters), has been recorded (Table 5). From these data,
we want to induce the general relationship that will predict X for new cases, when given V and y.
In other words, we want to run ASPN on atraining subset of Table 5, where X is the response
(output) variable (identified with the letter "Y™), V and y are candidate stimulus (input) variables
("X™), and the observation number isavalidation variable ("V") (used to flag missing cases or data
items). Such commandsto ASPN are transmitted through a control file, which list an option, its
value, and an optional comment. (Lines beginning with a"!" character are a'so comments.) The
filecould be as brief as:

' (mnimm ASPN control file for Task I:

InFile : rnoon0. dat Training data file
Vstring : V, Y, XX Variabl e identification
| nputs 2 (& | out put assuned)

Val i dat e: Gbs. nunber in V col um

which instructs ASPN to read the entire file moon0.dat for training observations, where each case
(row) contains four variables (columns), the last two of which are candidate inputs. Further, the
number contained in the first column will be checked as each observation is read to help insure that
the data are correctly interpreted. (Therest of the ASPN arguments take on default values.)

Table5. Moon Cannon Data 3 | 40767 467.2 41.3
Case X \ Y 4 | 28113 482.9 19.9
1| 28462 411.6 58.4 5 | 30943 408.5 50.1

2 | 31737 475.9 24.0 6 | 31408 461.7 25.7

36Permission by Barron Associates, Inc. of Stanardsville, Virginia, to extract most of this Section from Appendix B
of the ASPN User Manual (4th Edition; Elder, 1989), is gratefully acknowledged.
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7 18628 424.7 16.6

8 33181 483.6 24.4

9 20527 408.0 20.4
10 30533 419.5 56.5
11 38478 484.2 59.7
12 35721 435.6 44.1
13 43482 480.9 43.3
14 38491 453.0 42.3
15 23102 474.2 16.5
16 24575 402.0 26.9
17 37081 488.0 27.9
18 29039 426.1 290.1
19 42385 489.6 55.1
20 27092 403.8 59.1
21 29572 402.5 37.9
22 28648 405.7 33.8
23 21803 405.1 22.4
24 42866 499.2 33.0
25 45538 498.6 38.3
26 40293 473.2 53.6
27 36201 473.0 29.6
28 45302 496.7 51.5

29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

38053
46442
29641
20151
20712
29680
34542
35660
38986
40452
28603
33510
33442
41984
38479
37194
33875
44264
39591
26028
33755
45438

459.0
497.9
401.7
414.4
438.4
404.8
433.5
438.5
466.8
471.7
403.3
487.8
421.5
475.1
452.3
453.0
481.8
489.1
460.5
449.5
498.6
491.1

36.8
42.0
38.6
19.3
17.4
52.9
51.3
39.9
35.9
52.6
34.5
24.2
43.9
40.5
46.6
37.1
25.4
39.6
48.8
21.6
66.9
44.8

45

A more thorough control file appearsin Table 6,37 which differs from the ssimple one above
ininitializing op (the complexity penaty factor) through the nearest-neighbor method, employing at

most two layers of nodes, allowing more carving, re-solving elements after carving, allowing
cube-root and exponential nodes, not combining input variables which are very highly correlated
(positively or negatively), and naming the variables.3

37Commented out parameters (starting with “!”) take on default values, but are listed to suggest reasonable settings.

38|f no title line heads the data file, the kth variable name can be passed with "Name k <vname>".
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Table 6. Complete ASPN Control File (Task 1)

InFile : moonO.dat

lUnForm
NumObs : 40

Title

Vstring : V, Y, XX

Outputs:
Inputs :
Vdidae

Neighbor
IUseMDL
ISigmaP : 100.
IUseUP
IUvalueM : 0.02
IUvalueP : 0.50

Pix
'Verbose

LayerLim:
Layersize:
Layersize:

CubeRoot
Expon
IWfirst
Carvelim:
ReSolve
CCthresh :

IBorrow :
IOFfactor : 1.25
IExhaust
ITdepth : 2

10

0.85

0.98

Training datafile
(input file is formatted instead)
(max) #observations (cases) to input

(heading file: “obs, X, V, gamma’”)
Variableidentification

(confirming Vstring)

(confirming Vstring)

(confirming Vstring)

Initialize SigmaP with NN method
(would use MDL instead of PSE)

(init op with Nearest Neighbor instead)
(would enable Uncertainty Penalties)
(would be 2% V uncertainty)

(would be 1/2 deg. gammaunc.)

Draw figures of elements
(would show all details)

Stop at or before two layers
Save best 10 on first layer
Save best 2 on last layer

Try cube-root el ements

Try exponentia elements

(would restrict 1st layer to multi-linear e ement)
Carve up to 85% of terms

Re-solve coeffs after carving

Correlation limit for pairs

(no need to share; only 1 output)

(use default of 1.0 instead)

(would try al triples)

(would take triple inputs from X and 2 most recent
layers; instead, alow from all previous layers)
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In addition to input data, and a control file, ASPN employs an element file defining the
polynomia "building blocks" for model synthesis. The default nodes, with from 1 to 3 inputs (see
(22) to (24) in the previous Section) may be altered by the Style utility.

To judge the model after synthesis, it's a good ideato reserve some original data (not
showing it to ASPN) to use as an independent test once the model has been created. To set aside
20% of the cases here, we could instruct ASPN not to read past the 40th case (NumObs=40), or
we could employ DBPrep to split the data file by randomly removing 10 cases. This|latter option
isbest if the data are listed systematically; i.e., if it’sroughly sorted by one of the variables, since
random exclusion makes it more likely that al clusters of the origina data space will be represented
inthetraining data. Such representation is extremely important if the model is meant to be valid for
each region, asit isnot likely to do well in anovel region of data space (i.e., extrapolating). In
this example, the data appear to be more random than systematic, so we can take the shortcut of
lowering NumObs to reduce the training set. To check for "data space coverage” though, itis
often useful to scatter-plot several variable pairs or construct their histograms to discover regions
with either too much or too little data.

ASPN runs rather fast on this small problem3® and, after afew seconds (on even a personal
computer), recursively outputs the model description file, moon0.mod, of Table 7, and an APN
file encoding the model, and draws the final screen of Figure 13.

Synthesisin progress. Best model so far:
Score = 0.931e-02

V —
gamma

Double —# X

Current element in layer 2:

gamma cube-root

Double +—&

--> Network for X completed <--
--> Halt dueto lack of network growth on layer 2 <--

39An output a summary is recordetQHRBg M S faseateatdsintg afiringdriin, stop text scrolling with the
keyblaTeurneat@nebeadingcardigate networks are graphed continuously during model synthesis.
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Table 7. Model Description File “moon0.mod” (Task 1)

Unitizer for X has coefficients: 33010.0 7539.11 and used element # 7 asinput.

Element 7 (style: Double) Input(s): 3 4
Mode performance:

FSEp:  0.00354732 FSE: 201623. 38% FSE
KPp:  0.00576008 KP: 327393. 62% KP
UPp:  0.00000000 UP: 0. 0% UP
PSEp:  0.00930940 PSE: 529130.
rPSE: 727.413
Coefficient Values.

0.496111 0.570040 0.590458 0.0 -0.490606 0.0682152 0.0718913 0.0

Path counts for original inputs:

O 5 10 15 20 25 30 35 40 45 50
S A N A

voo1 =1 ! 1 1 1 |
gama: 1 (= | | | | o o o | | |

R e S R R R e L b SR
Each "=" represents one point.

Normalizing coefficients:
Element 3 (style: normalizer) V
Coefficient Value(s): -12.9665 0.0288902

Element 4 (style: normalizer) gamma
Coefficient Value(s): -2.81550  0.0757467

The Slope of the Modd at the Data M ean:

Output Input Slope Normalized Units
X Vv 124.154 0.570022
X gamma 337.191 0.590463

The Average Senditivity of the Model Over the Modeling Database:
Output I nput Sendgitivity  Normalized Units
X Vv 171.131 0.785703
X gamma 561.290 0.982887
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How good isthe model? Thefirst clueisthe score, printed to the screen. The smplest (least
accurate) model!, the constant my, has a score of 1.00; whereas, a"wire" element (anormalizer
connected directly to aunitizer, and considered to have no complexity) exactly fitting the data
would have the best score: 0.00. The score isthe normalized Predicted Squared Error (denoted
PSEp), soits square root is an estimate of the proportion of the standard deviation of the problem
remaining unexplained.

To see what that means in the units of the data, examine the root-Predicted Squared Error,
rPSE, or predicted error standard deviation.®® Here, rPSE = 727.4, which, for a Gaussian error
distribution, suggests that two-thirds of the model errors, when used on new data, will be off by
lessthan 727 m. Thisisan order of magnitude smaller than the unmodeled standard deviation of
7539 m. (oy appearing as the second unitizer coefficient), but is not acceptable if our "created
moon craters’ need to be predicted more accurately. To compare further, the prior estimate of this
standard error, op, Was set to just over 1 km. due to the Nearest Neighbor (NN) option ; that is, op
= half the nearest neighbor error o (as explained in Section 4.6):

(Unitized) Nearest neighbor error statistics:
Y AveErr AveAbsErr  SigmaE
1-98.40 1557.15 2089.31

(printed to the screen and log file). The predicted error of the model, rPSE, being less than the
prior estimate, op, isagood sign; if it were greater, we would have been proven overly optimistic.
Note that the proportion of the total PSE penalty ascribed to each component islisted with each
node in the mode file. Inthisexample, amajority (62%) of the PSE is due to complexity; again, a
good sign: if al our predicted error were due to inaccuracy, we would have less room in which to
work. To look at accuracy aone, take the square root of the normalized Fitting Squared Error,
FSEp. Here, 4/.003547 = 0.06, so only 6% of the training data deviation remains to be fit.

Before leaving Table 7, let's note other items for future reference. Two of the eight terms (of
the node type, “double’) are zeroed-out, or carved; their position reveals them to be V2 and y3.
The histogram depicts the number of distinct element paths by which each origina input affects the
output of the network -- arobust measure of influence. (These graphs are more interesting in the
log file, where they count the paths for all the several elements saved on the layer, not just for the
best model.) Thelast table, Average Sensitivity, can be useful, asit describes the average degree
to which small changes in each of the inputs propagate through the network to affect the output.

40The rPSE for each element is at the bottom right of the "model performance" section of the moon0.mod file,

Table 7. The value for the network is that for the last element -- the one feeding into the unitizer at the top.
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The sensitivity value of 171 for X/6V means achange of 1 m./sec. ininitial velocity will affect the
range estimate by 171 m., on average (the actual amount depends on the context; e.g., the value of
v). Lastly, the normalized expression of sensitivity quantifies the relative importance of the inputs;
values of 0.786 and 0.982 suggest both inputs are important but that y is slightly more influential.

Another output file, the Adaptive Polynomia Network, or APN, file, encodes the model for
the ASPN utilities to access. The elements employed are described to allow the APN to "take its
vocabulary withit". Also, statistics of each employed variable (measured extremes, u, o) are
included to verify that the model is appropriate for new data. Lastly, the network modules,
interconnections, weights, and training performance are recorded.

To view the equation in amore standard format than a network, run Xpress. A drawing of
the model appears first, then amenu of options. Displaying the model (to a chosen number of
digits), and asking for the derivative of the estimate with respect to each of the inputs, resultsin

X = -1.224E7 + 7980V + 1410y - 17.60V2 + 1.125Vy - 21.22y2 + 1.307E-2V/3 (25)
SX/8V = 7980 + 1410y - 35.18V + 1.125y + 3.922E-2V2 (26)
SXI8y ~ 1410 + 1.125V - 42.43y (27)

These eguations are smple enough to be used instead of the APN (encoded through the IMP
program), but generally, the APN is more accurate (in coefficient precision), can be more
illustrative (normalized coefficients and the network form often reveal relationships otherwise
hidden in units), and much more reliable and easy to use (IMP can automatically encode the model
in FORTRAN or C, removing the need to type in al the coefficients).! (If asingle equationis
necessary, employ various X press options to filter out insignificant terms. For example, a model
with 3093 expanded terms was reduced to only 39 when coefficients smaller than 10-14in
magnitude were culled (Elder, 1989; p. 55).)

IMP writes network model routines with comments, optional debug statements, and optional
input and output limits; also, the variable names originally provided in the ASPN control or data
file are employed (which is helpful aweek later!). Under the “create” option, IMP wrotethe C
routine of Table 842 to be embedded in asimulation program for rea-time use.

41Ada and other languages may be available now, aswell.

42“\White space” in the file has been edited slightly to improve its appearance.



Induction and Polynomia Networks 51

Table 8. C Code Generated by IMP for a Network Model (Task 3)
(edited dightly for appearance)

apn()
{

extern doubl e exp();
#defi ne powl(x) (X)
#define pov2(x) ((X)*(X))
#define povB(x) ((X)*(X)*(X))

extern double V, ganma;, /* link to input variables */
extern doubl e X /[* link to output variables */

/* Perfornmance for output Id 2 (X
FSE = 0.0035473 FSE = 201623

KP = 0.005/601 KP = 327392
WP = 0.0000000 W = 0.
PSE = 0.0093094 PSE = 529130.

rPE = 727.413 */
doubl e Z101]; /* Array of 101 network el enents */

# fdef DEBUG
printf("APN V is %\n", V);
printf("APN gactma is %\n", ganma);
#endi f

[* Layer #0: Nornalize original inputs */
3] =-12.9665 + 0.0288902*V,
Z[4] = -2.81550 + 0. 0757467* ganma;

[* Layer # 1. */
/* Henent # 7. Double */
7 =0.496111 + 0.570040*powd (4 3]) + 0.590458*powd( 4])
- 0.490606*pow2( 4]) + 0.0682152* powd( 3]) *powd (4 4])
+ 0. 0718913*pows( 3] ) ;

/* Hnal layer: Quputs */
2] =33010.0 + 7539.11 * 47]; [* Lhitize X */

# fdef CEBUG

printf("APN X (was %) reset to B\n", X, 42]);
#endi f

X=722],
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Returning to evaluating the quality of the model, the training information from ASPN was
that roughly 90% of the problem had been been solved (op/oy = 0.10), and further clues suggested
that this estimate may be a conservative (rPSE < op, and much of that was due to complexity), so
there is reason to expect that training performance can be improved. Still, caution is advisable. A
common rule of thumb (for moderately-sized databases) isto have 10 independent cases for every
model coefficient; here, we have asmaller ratio, 40:6, or one third too few. Testing the model on
the reserved data may reveal evidence of over- (or under-) fit.

The program IMP (“output” option) evaluates models on sets of data. With no input or
output limiters, we obtain the overall statistics file (moon0.sts) of Table 9 (and, optionally, aline-
by-line resultsfile). The most striking thing about the first is the presence of an outlier, or unusual
datapoint. Thisissignaled in two ways (also written to the screen): the warning at the top that an
evaluation point was outside the (rectangular) training region, and the "lonely” error point on the
top of the (sideways) histogram. The last section, listing each extreme, shows what the problem
is: case 49 hasay value (variable 4) of 66.9°; whereas, the maximum y encountered during
training was 59.7° 43 This difference resulted in an error nearly four times larger in magnitude
than the next worst case.

The single outlier has a (perhaps surprisingly) large effect on the error statistics such as root
of average squared error, the evaluation equivalent to rMSE. Thisisdueto using squared (L)
error rather than the more robust absolute (L 1) error metric. (For comparison, both are calculated
by IMP.) TherMSE for the evaluation data, 700.4 (m), is below the predicted value (rPSE) of
727.4, but should be closer to the fitting value of 449.0 if our model were as good as we
supposed. Thisistrue especialy since four fifths of the evaluation data was the training datal (Al
the cases were employed for evaluation.) Thus, in aweighted sense, the evaluation cases are about
three times worse than the training cases.

The case-by-case error file (not shown) reveals how most of this deviation is dueto the
outlier, case 49; none of the other new cases, 41 through 50, are off by even afourth as much.
Thus, if we can do without amodel good for very large y values, we could run the evaluation again
on just the nine reasonable new points to get amore accurate estimation of model quality. Doing
S0, gives an evaluation rM SE of 539, well under the value predicted. (The errors range from -751
m. to 854 m. over the 9 observations, and the average absolute value is 427.5 m.)

43See the input statistics in the APN or log files.
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Table 9. Statistics File Generated by IMP for a Network Model (Task 3)

Histogram of error distribution for variable # 2:

15 20
e St P Npupp S X

- 38,
- 36,
-34,
-32,
-30
- 28,
- 26,
-24,
-22,
- 20,
- 18,
- 16,
-14,
-12,
- 10,
-8,
-6,
-4,
-2,

OCOONMNO

Each"="

0 5 10

- 36E2:
- AR2:
- 32E2:
- 30E2:
- 28E2:
- 26B2:
- 24B2:
-22B2:
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- 18E2:
- 16E2:
- 14B2:
- 12E2:
- 10E2:
-8E2:
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- 2B2:
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8E2:
10E2:
12B2:

=
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25

30 35

40 45

53

S0
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represents one point.

Statistics for variable # 2 output:

Database:

Number of observations:
Average Ytrue:

Estimated Y true variance:

evaluation
50
33889.0
5.47498e+07

modeling
40
33010.0
5.68382e+07
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Table 9 (Continued)
Estimated Y true standard deviation: 7399.31 7539.11
Maximum Ytrue: 46442.0 46442.0
Minimum Y true: 18628.0 18628.0
Average error: -50.6668
Average squared error: 490508.
Estimated error variance: 487941.
Root of predicted squared error: 727.413
Root of average squared error: 700.363 449.025
Estimated error standard deviation: 698.528
Average absolute error was: 446.929
Median error was: -17.0869

Most positive error was 1046.56 on observation # 20:
variableswere:  (2) 27092.0 (3) 403.800 (4) 59.1000

Most negative error was -3720.85 on observation # 49:
variableswere:  (2) 33755.0 (3) 498.600 (4) 66.9000

Would the outlier error have been smaller had IMP been run with datalimiters? It isusualy
helpful to enforce output limitsin operational models and to dert an analyst if any input or output
repeatedly exceedsitstraining limits. 1n this case however, such limits would not have helped.
Limiting outputs alone has no effect (the outlier does not err on the side of excessin either
direction), and limiting inputs, or both inputs and outputs, is more than twice as bad (in resulting
outlier error magnitude) as doing nothing! Clearly, rectangular data limits are no replacement for
careful attention to the data space regions represented by the training data, for it isthe dataaone
which communicate to ASPN where the model should be most closely tailored.

Despite the model performing better than advertised (evaluation rMSE < rPSE), it is not very
accurate. Some small errors due to data precision are unavoidable, but surely we can do better for
such asimple problem! Let'slook at the dataagain. Theinputs, V and y, describe a vector in
polar coordinates; what about the Cartesian equivalents? All the information that exists about the
problem is embedded in the original variables, but what if another form were more convenient?
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Despite the flexibility of ASPN to build up features from raw variables, their particular
representation can matter agreat deal. For instance, totally unrestricted angles (which are
congruent modulo 360°) are discontinuous (e.g., 10° isas close to 0° as 350°), so we can imagine
that, for large angle ranges, degree representation alone may cause difficulty in creating asimple
model. We don't need to think about it too long; give the datato ASPN and let it select the inputs
that work -- after all, that'sits job.

Calculating the data features X' and Y’, for lateral and upward velocity, respectively, can be
done by the DBPrep utility.#4 The resulting model is much better; the rPSE is now under 500 m.,
but may actually be ignored because there is virtually no fitting error. This (essentially) exact fit,
with only 4 coefficients, means we have stumbled across something explanatory. Expanding the
model obtains the equation Y = -0.957 + 0.002X’ - 0.01Y + 0.377X'Y’, which is dominated by
thelast term. (In this case, thefirst three model coefficients essentially only undo the effects of
input and output normalization.)

Checking our results by analyzing the problem theoretically (aluxury!), we note that the
equation for aballistic object in avacuum is X = X' T¢, where the time of flight

1
Tr=gl Yo+ \Y 02 + 29(Y+-Yo) ] (28)

2Y'o
=g for Yf = Yo. Therefore,
X = 2V2sin(y)cos(y)/g = 2X'Y'/g = 0.377X'Y’ (29)

for amoon gravity, g, of 5.3087 m/sec?.

6.2. Task 2 -- The Inverse Modeling (Control) Problem

Predicting where the cannonball will impact for given cannon muzzle velocity and angle of
inclination turned out to be quite straightforward; what of the inverse (and potentially more useful)
problem of estimating the angle necessary for adesired impact location? This control problem uses
the same data as the original, just from a different perspective (as suggested by Figure 1).

44Remember the variable identities by adding a header to the input file, or using the Name keyword in ASPN. Now,
with two more inputs, the Vstring becomes"V,Y, 4X" instead of "VY XX", Inputs must be 4, and the data file may

have a new name (such as moonl.dat); otherwise, the control fileisasin Table 6.
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Using the Cartesian data of the prior task is not really "legal" here, as the features contain
direct information about the new output, y; instead, we must employ the original dataof Table 5.
But, adirect run obtains aterrible model (score = .415, rPSE = 8.8", complexity proportion of
error = 6%). What went wrong? The control parameters were reasonable, there were no errors or
warnings, ... could it have been something with the data?

Running DBPrep to check, we scatterplot the output, vy, vs. the main input, X, to get (a
version of) Figure 14. The arc shape of the data suggests that we may not be estimating a single-
valued function; instead, it looks asif several cases exist for which more than oney value will
result in agiven distance, X. If the other variable, V, can't explain the difference, we may be
asking ASPN to model amultiple-valued relation, rather than afunction. (In such acase, low-
quality networks result as ASPN compromises between valid solutions to minimize the squared
error of asserting asinglevalue.) Further examination revealsthat V is unable to distinguish
between y cases, and reflection suggests why: for aballistic projectile in avacuum, there are two
initial angles under which many distances may be reached; one above 45°, and one below.
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Figure 14. y vs. X (Task 2)
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More low-y cases (36) exist than high (14), so let’sfocus on them. There are severa ways
the training data could be pared; the simplest would be to sort the workspace by y (using DBPrep)
and output the first 36 observationsto anew datafile. Alternately, to keep the original dataintact,
one could disable selected observations with the validation ground value. (When the validate
optionisin use, ASPN will ignore any cases for which the case index is replaced by the value -
17, so the input datafile could be edited to disable cases with largey).

Using the data subset, a much better (two-layer) model ensues. a multi-linear node feeding
into adouble with X. This network has arPSEp (or 4/score) of 0.18 -- not bad on scale of 0
(best) to 1 (worst), and an rPSE of 1.66°, less than half of which (\21% = 45%) is due to fitting
error. On the other hand, the network has nine coefficients (when given only 36 cases; a4:1,
rather than 10:1 ratio), and the output is sensitive to changesin the inputs (> 1.0 for each). Both
of these indicate possible overfit. Overall, the network synthesized from such dlight data seems
acceptable; but it would be wise to test it thoroughly over the range of allowable inputs before use.

A graph of the truey value vs. the model estimate for each of the observations is reassuringly
like astraight line (the ideal case). Zooming in to focus on the residuals, or errors, provides us
with Figure 15 when the errors are plotted not against one of the inputs, but against the model
output (to illustrate a point about polynomial approximations). Theresidual pattern looks much
like asine wave; it appears that the answers could be improved by taking the existing model output
and adding a corrective term that depends only on that output. That is, we could append some
further function onto the end of the network to make it better on the training data.
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Figure 15. Model Error vs. Estimate (Task 2)
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However, one should rarely, if ever, cascade models! ASPN itself would have continued
making the network model more accurate and more complex if the data could have supported such
growth. Adding degrees of freedom to the model, without fairly considering the complexity (data
dependency) of such an action, will almost surely lead to overfit.

But why the output pattern? From (29) X = 2V2sin(y)cos(y)/g. As 2sin(y)cos(y) = sin(2y)
_ . Xd
y= 0.5arcsin( V2 ) (30)

Thus, the true relationship involves division, and inverse trigonometric functions. But ASPN
employs polynomial elements (almost exclusively), and has no division or arcsine operators; why
did it do well? Because polynomials are flexible and powerful basis functions for describing data.
Recall power series expansions which use polynomial terms; though they must be infinitely long to
be exactly accurate for transcendental s (such as sines and exponentials), the series expansions can
achieve arbitrary accuracy for somefinite length. Also, the residual of atranscendental isa
(smaller) transcendental. That iswhat we are viewing in thisexample: ASPN is essentialy
discovering the underlying nature of the function as reflected in the data and deciding where the
best cutoff to its polynomial approximation should be.

6.3. Task 3 -- Impact Estimation in the Atmosphere

Figure 16 summarizes some actual (experimental and simulation) data for projectiles released in an
atmosphere from a set of initial velocity (V, ft./sec.), height (H, ft.), and angle of inclination (y, °)
conditions. The cases represented range from fast dive-bombing (V = 550', y = -60°) to Slower
“lofting” (V =350, y = 60°) scenarios. For each of the thirty (V, y) pairs shown in Figure 16, ten
different heights, H, are recorded.#> The impact (final) condition is described by four quantities:
position (X, ft.), time of flight (Tt, sec.), velocity (Vs, ft./sec.), and angle (y;,”). Our task isto
simultaneously and accurately estimate all four outputs as functions of the three input conditions.

Approaching the problem directly, we set up a control file with the components:

InFile :mssile.dat Training data file (fromraw dat)
Vstring : 3x, 4y Variabl e identification

Qutputs : 4

I nputs : 3

4SHeights of 3, 5, 8, 10, 15, and 20 thousand feet occur for each (V, y) pair; the other four heights are scenario
dependent, and are taken from the set {200, 500, 750, 1000, 1500, 2000, 4000, 6000, 7000, 9000, 12500} .
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Figure 16. Task 3 Data Regions.
The impact conditions for ten cases, at various release heights, H,
are recorded for each (V,y) pair shown.

Asthe data are somewhat systematic (the inputs are not truly random, but occupy intersections of
an irregular three-dimensional grid), it would be best to reserve arandomly-selected portion of the
set (using DBPrep) and save the resulting file as “ missile.dat”.

Running ASPN, the best model for each of the four networksis displayed on the same
screen. Why four at atime? Wouldn't sequential solutions be easier? Yes, but thereis agreat
advantage to using multiple outputs. node sharing (enabled by the Borrow argument). The four
variables all describe different aspects of areated flight condition; it is reasonable to assume that
the value of one (more precisely, aprototype model of one) could be useful to another of the
inputs. 1f such a sub-network is helpful enough as an input to another to overcome the relatively
large complexity penalty associated with its coefficients, then ASPN will "cross-pollinate” the
networks, and element sharing will occur. Thisis often avery useful feature.
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The network now takes several minutesto be synthesized, due to the increase in cases and
outputs, but the wait isworth it, because we get the more interesting networks of Figure 17.46
Shown decomposed (as on the screen), it is not possible to tell if any sharing has occurred in the
network, but careful examination of the log file reveal s that the models for X and Tt share el ement
58 (a double with inputs H and ), which was trained on ys! Performance measures and
normalized sensitivities for the networks are summarized in Table 10.

Depending on the accuracy required, the models for Ts and Vs may be good enough to use,
but vf required afair amount of complexity and didn’t get as good afit, while Xz is off by a

thousand feet (the output with the greatest error proportion, as seen from rFSEp or from4/score =
rPSEp = rPSE/oy). We need to enhance our inputs and try again, focusing on the two worst.

Triple (V¢ > Vi
v Triple (T >Double(Tf) Ts
Triple (Xf)
H Double (3) Double (X) Xs
Triple (vf)
Y
Li':I/Iel:rti(-yf) »| Triple (v) i
Single ()

464wkl Ind MayNEIveHnhta SstiaterFemaull abaco, dyostt TR ancdPNNghas tiasksed) model
found IN@ste RiahaPeeshia iag aaRudnslcsieiked Ry Harafniagbrsmodel s share a yf double.
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Table 10. Network Performance Summary

output oy ONN  IPSE  IFSEp  %KP  A/AV  A/AH  A/Ay

Xs 7152 2066 1077 135 20 0.36 1.05 1.08
Tt 13.65 3.08 111 .062 42 0.13 0.84 0.71
Vi 163.7 28.9 8.89 .046 27 0.46 0.86 0.17
i 16.33 3.00 1.69 .092 27 0.16 1.05 0.89

The equation in the previous section for the time of flight in avacuum (say, Tgo) could come
in handy here, aswell as the lesson about Cartesian coordinate conversion. Once we get rolling, a
whole lot of data features suggest themselves. |If they are deterministic calculations not arrived at
fromlooking at the data (a distinction that would require their requiring acomplexity penalty), we
could put them in and let ASPN try them out, sorting through all the possibilities. Perhapsalot of
vacuum-ballistic quantities will provide good jumping-off points for the models. Let's define H,
X, and Tgo as before, as well as:

1
Tgo-l = E Xgo = XTgo

H
Sgo = VXgo? + H2 sin(rm = 55, (31)

V2
and Energy Height, se= H + 29

and augment the (entire) data base (i.e., compute features for both training and evaluation). Now,
with the control commands

InFile :250.dat Training data file

Vstring : -, 3x, 8x, y--y,- Variabl e identification
Qutputs : 2

| nputs 11

I Near est

SigmaP : 1000. Prior error est for Y1 (Xf)
SigmaP 3. Prior error est for Y2 (gf)

the next stage of modeling can be attempted.#”

47The NN calculation has been disabled not only to save time, but for accuracy. The multi-dimensional distance

calculations implicitly assume variable independence, which is not the case with all the new, derived features.
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Thistime for X, the multi-linear element leads the pack until the triples are calculated -- a
sign that the data relationships have been simplified, and an indication that at least three inputs are
needed to score well (which is reasonable, since the underlying dimensionality of our problem isat
least three). After afew minutes, synthesis halts; though now voluntarily "due to lack of network
growth on layer 2", and not dueto alayer limit (as before). Now, vyt is approximated by atriple of
v, Tgo, and sin(yT), with y/score =0.047 and an rPSE of 0.76°. The Xt model isasimpler
combination (atriad) of H, H’, and Xgo with y/score = 0.032 and rPSE of 226 ft. -- the mgjority
of which is due to complexity. The new features have hel ped!

Expanding the network and collecting terms with the X press program gives the equation,
X= 252+ .007 H + .065 H’ + .938 Xgo (minus terms with negligible coefficients). Thefirst few
terms are lightly adjust the main driver: the vacuum ballistic estimate of downrange distance to
travel, Xgo. In fact, our model could be improved by first subtracting that estimate from the actual
range, X, in the training data, and modeling the difference. Thiswould correspond to focusing on
the unknown part of the problem; that is, since the bulk of the distance travelled can be explained
by simple physics, the question of interest is how the atmosphere and the context of theinitial
conditions affect that nominal trajectory.

Performing this output transformation and running once more, with AXs as the output, rather
than Xt, and cutting op in haf (since we're doing so well), provides a network using H’, Xgo, and
sin(yT), with an rPSE of 127 ft. (again conservative, as complexity = 74%). Note that this
technique of "removing the known part" aso proves effective on the other three outputs.

6.4. Remarks

The three example modeling tasks described focused on estimation (and touched on control), using
simple trgjectory mechanics. A simple problem, "moon ballistics’, was addressed from two
directions, and the lessons |earned were carried into the real problem domain of in-atmosphere
firing-table generalization. 1n the course of the solution iterations, typical modeling problems
arose, and it was demonstrated how ASPN and its utility programs can be used to recognize and
solve those difficulties. In al modeling tasks, the necessary relationships were inferred from the
data to create a generalized network model that stored key information in a compact and readily
retrievable form (i.e., performed data reduction) and which was useful for new, but similar cases.
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7. SUMMARY AND CONCLUSIONS

This chapter has provided both a survey of induction methods and afocused ook at a class of
notably effective network approaches. We began with a general discussion of the leading
induction techniques and organized them according to the amount of decision making they leave to
the computer. We then described promising enhancements to induction methods, such as
integrating visual information into the modeling process and employing complexity-penalty
metrics. The former takes advantage of human capabilities to perceive structurein lower
dimensions, while using the computer to scout ahead for promising projections among the myriad
of potentia views. The latter enhancement shows how measured trade-offs between complexity
and accuracy on training data can provide insight into model selection. We view the employment
of amodel selection criterion to choose among a broad collection of families of competing models
as the most general form of induction. Unfortunately such an ambitious approach is only
contemplated but not yet realized. Clearly however, as methods to discover structurein data
become even more computer intensive, the criteria used to judge between competing explanations
of the data must become more sophisticated aswell. In particular, as thousands of candidate
models (many with nonlinear parameters or weighted cases) are considered, performance standards
must be raised before considering accuracy differences between models to be significant.

The last two Sections of this chapter focused on a particularly promising class of induction
techniques — polynomial networks. These methods developed out of work in neural networks and
adaptive systems and are known by names such as GMDH, PNETTR, and ASPN. Multi-layer
polynomial networks are constructed in a data-driven manner from nodes whose outputs are
polynomial functions of their inputs. We described the range of approaches to constructing these
networks and, in the process, provided some of the history of their creation and use. Current
polynomial techniques are not without their weaknesses and we noted these and suggested
methods to enhance their performance. Finally, we provided detailed examples of the usefulness
of polynomial networks, and specifically ASPN, in forecasting, design, and control problems.
These examples served to illustrate the power of the ASPN technique as well as potential pitfalls
and their solution.

We derive severa conclusions from the material in this chapter. First, the variety of
approaches to induction provide contemporary researchers with an impressive array of methods to
employ across a startlingly wide range of applications. Problemsin pattern recognition (e.g.
character recognition and acoustic signal processing) are beginning to yield to a number of these
techniques. However, there remain a host of applications that are well beyond the scope of today's
techniques. Perhaps, most frustrating are tasks which are easily solved by humans (once viewed
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appropriately) but remain seemingly intractable to automated methods. Though such problems
could well remain outside of the effective range of inductive modeling for some time, thereis
evidence that approaches such as polynomial networks, ANNS, decision trees (e.g. CART) and
some contributory methods, have the capability to produce excellent results on induction problems
that heretofore have resisted solution.

Second, impressive improvements in induction can sometimes be achieved with rather
straightforward enhancements. Certainly the use of visual information represents one example.
The effective employment of model selection within ASPN isanother. Thislatter enhancement
provided significant performance gains over the earlier GMDH method. The wide variety of
contemporary induction techniques can encourage a researcher to try one after another in pursuit of
the "best” model. Often however, this leads to disappointment with the whole group of methods,
because none of them yet represent an all-purpose tool. However, experience in applications
suggests that potentially many approaches can perform well, if the data are carefully analyzed and
transformed, and if the method is modified (perhaps by creating a hybrid approach with another
method) to account for peculiaritiesin the problem. Hence, a good research strategy would be to
first seek a good match between problem characteristics and induction algorithm(s) (Section 2.2)
and then look for enhancements to that technique or set of techniques that can further improve
performance (e.g., Section 5.5).

Inducing general rules or models from specific casesis a process central to the scientific
method, and it is our experience that research into developing and improving automated methods is
achallenging and rewarding path.
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